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A sneak peek...

- - Introduction:

  Topological quantum computing: the quest for Majorana fermions

  Majorana fermions based on semiconducting wires 

  What is the nature of the emerging topological phase? 

- - Interaction of Majorana fermions in TNT and NTN junctions  

  (T → topological, N → non-topological)  

   1.1. The Majorana Josephson current can be “magnetically” tuned
       

    2.2. Control of a spin current by a superconducting phase

     3.3. Alternative pathways for topological quantum computation 
     (TQC) and Majorana fermion braiding 



  

Topological vs non-topological qubits

1.1.  SSuperconducting qubits suffer from noise e.g. 1/f

-  -  In contrast, topological qubits (TQ) are immune to decoherence  

   and long-lived

- - The protection restricts the accessible operations only to The protection restricts the accessible operations only to 

braiding  
        

        Kitaev, Annals of Phys. (2003) and 
    Nayak et al., Rev. Mod. Phys. (2008)

      Braiding of two Majorana fermions    →  

2.2. S Spin qubits in quantum dots couple to nuclear spins

- -  Non-topological qubits are vulnerable to noise and decoherence Non-topological qubits are vulnerable to noise and decoherence



  

Majorana fermions in superconductors

- - First important discussions of Majorana fermions were in the frame 

   of p-wave superconductors



  

Majorana fermions in heterostructures

-- Experimentally feasible setups were only recently proposed



  

The standard topological 1D wire setup

Altland and Zirnbauer, PRB (1997), 

Kinetic term+chemical potential S-O coupling Zeeman field Pairing order parameter

BdG 4-component spinor

Only the inherent particle – hole symmetry persists

Class DD 

Kane and Mele, PRL (2005), 

Qi et al., PRB (2008),

Ryu et al., New J. Phys. (2010) 

Dahlhaus, Béri and Beenakker, PRB (2010)

→ ZZ
22
  invariant in 1D → MajoranasMajoranas 

     CRECRE  topological superconductor



  

Majorana fermions in an infinite system 

-- p-h symmetry constraints the Bogoliubov eigenoperators and the 
  energy spectrum    
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Majorana fermions in an infinite system 

-- If across the gap closing a topological phase transition occurs, 
  a zero-energy Majorana fermion appears

k

E

k=0

Majorana 
fermion operator

zero energy



  

Majorana fermions in a bounded system

- - If two systems of different topological phases neighbour, then 

   Majorana fermions are located exactly at the interfaces

MF leftMF left

MF rightMF right Surrounded Surrounded 
by vacuumby vacuum

We shall graphically represent 
the above heterostructure with

→ → 
TT



  

Possible experimental signatures of MFs 

y

Tunnel Barrier

Mourik et al., Science (May 2012)

Δ
possible 
MF peak

x

N S

x

Next talks: M. Diez & D. Pikulin

* *



  

Non-local zero-energy Dirac fermion and TQC

- - If the topological superconductor has a length L, tending to ∞, the 
   two Majorana fermions combine into a zero-energy Dirac fermion

Doubly degenerate ground state  →  non-abelian topological order

Topological qubit:

L

 ….......................... vacuumvacuumvacuumvacuum
TT
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Non-local zero-energy Dirac fermion and TQC

- - If the topological superconductor has a length L, tending to ∞, the 
   two Majorana fermions combine into a zero-energy Dirac fermion

Doubly degenerate ground state  →  non-abelian topological order

Topological qubit:

L

 ….......................... vacuumvacuumvacuumvacuum
TT

L

 …............vacuumvacuum
TT

................
TT

- - For two topological superconductors in distance L, tending to ∞, the 
   two Majorana fermions combine into a zero-energy Dirac fermion



  

Our model for a heterostructure 

--  We set the chemical potential equal to zero and linearize about  
   k=0. The more general x-dependent Hamiltonian reads  

--    All the variables change stepwise

--    The quantity     
    alternates along the junction
    leading to TNT or NTN junctions 

--    We apply matching conditions   

    for finite energy bound states

--  Crucial ingredient: the Zeeman field rotates in the x-z plane!



  

Interacting MFs (prior results I, Kitaev limit)

- - TNT junction  

- T segment: spin-orbit coupling + Zeeman field + superconductivity

- - N segment: spin-orbit coupling + Zeeman field   (no supercond.)

- - Kitaev spinless model: spins frozen  

 …............
TT

................
TTNN

φ
l

φ
r

- The previously zero-energy Dirac fermion acquires finite energy:

with

Kitaev, Phys. Usp. (2001), Liang Jiang et al., PRL (2011)



  

MF Josephson effect (prior results I)

- The low-energy many-body Hamiltonian 

- The Majorana fermion mediated Josephson current reads

4π-periodic, change 
sign for a 2π-shift

φ
l 
- φ

r
2π 4ππ 3π

The total current is 
2π-periodic 

San-Jose et al., PRL (2012) 
Pikulin and Nazarov, PRB (2012)

4π-periodicity appears
if fermion parity is fixed



  

Interacting MFs (prior results II, Kitaev limit)

- - TNT junction  

- T segment: spin-orbit coupling + Zeeman field + superconductivity

- - N segment: spin-orbit coupling + Zeeman field + superconductivity

- - Kitaev spinless model: spins frozen  

 …............
TT

................
TTNN

φ
l

φ
r

- The previously zero-energy Dirac fermion acquires finite energy:

with

Liang Jiang et al., PRL (2011)

φ
m



  

MF Josephson effect (prior results II)

- For a balanced junction φ
m
=(φ

l
+φ

r
)/2: 

- The Majorana fermion mediated Josephson current reads

4π-periodic

φ
l 
- φ

r
2π 4ππ 3π

The total current 
is 4π-periodic  The fermion parity does

not change sign
under a 2π-shift



  

Interacting MFs (our results, no Kitaev limit)

- - TNT junction  

- - Spinful model: Zeeman field angle varies along the junction   

 …............
TT

................ TTNN

θ
l 
, φ

l

- We recover the previous relations plus an additional prefactor:

θ
m
 , φ

m
θ

r
 , φ

r

Exact treatment 
reveals magnetic 

coupling !!!

<<1



  

-  -  For a “balanced” junction, φ
m
=(φ

l
+φ

r
)/2 and θ

m
=(θ

l
+θ

r
)/2 we get

Interacting MFs (our results, balanced case)

-  -  We obtain a magnetic contribution to the Josephson current

-  -  We obtain a spin current running along x-axis and polarized along 
   the y-axis, controlled by the variation of the superconducting phase



  

Interacting MFs (our results, no Kitaev limit)

- - NTN junction (only recently studied)  

- - Apart from us also: Q. Meng et al. (2012), L. Jiang et al. (2012)  

 …............................ TT

θ
l 
, φ

l

- The energy splitting of the zero-energy Dirac fermion reads:

θ
m
 , φ

m
θ

r
 , φ

r

NN NN

in the Kitaev limit

<<1

in the exact case



  

Conclusions

In agreement with results for 
p-wave superconductors,
 

Kwon et al., EPJ B (2004)

- - We have studied the Majorana fermion mediated transport, by   

    allowing the magnetic field orientation to vary

- - In the simplest case, the interaction between 2 Majoranas reads 

- - Emergent magnetically tuned Majorana Josephson effect may  

    constitute a unique fingerprint of MFs 

- - The magnetic field phase dependence of the 

     MF coupling opens up alternative routes for TQC



  

and of course to you...

Special thanks to Jens Michelsen

P. Kotetes, A. Shnirman and G. Schön, arXiv:1207.2691 
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