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OUTLINE
1. General Considerations.

II. Thermopower near the Anderson Transition.

III. Three (special) terminals thermoelectric 
transport in a vibrating molecular junction.  

IV.Hopping thermopower in disordered two-
site, and longer, chains, dominance of edges.

V. p-n junction device
5
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Long-Range Motivation:

Use understanding of Mesoscale physics to 
achieve:

LARGE THERMOELECTRIC EFFECTS

In the process: info on critical behavior  around 
the Anderson transition, insights on 3-terminal 
and on hopping thermoelectricity.
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Themoelectric energy conversion and manipulation, 
using “nondiagonal” (Onsager-type)

transport to cool, convert heat to energy, etc.

Can use the nondiagonals to convert heat to electricity, 
to make it flow “from cold to hot”  terminals…

Need large thermopower and conductivity, small 
thermal conductivity.

e.g.  Harman and Honig, Thermoelectric…
McGraw-Hill (1967)
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Definitions and simple considerations

• Thermopower, S = voltage/temp difference (I=0). 
• “Fig of merit”, ZT  
                             Z = S2σ/K. 
                    Best current lab values, ZT ~3.
• Good to increase S! and  reduce K of phonons.
• Without phonons (best) , Wiedemann-Franz gives:
                   ZT = (3/π2) s2,   s = SkB/e
   kB/e = 85-86 µV/K,  natural unit for thermopower
     WF: σT/K = (3/π2) (e/kB)2, roughly valid (for e’s) often.
                Seek to invalidate WF (Mahan-Sofo)!!!
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Example: Reduction of thermodynamic 
Carnot efficiency, 1- TC/TH

        For conversion of heat to electricity:

Example: TC/TH =1/2, ZT = 3. Efficiency reduction .4 .

Increasing S by a factor of two makes reduction ~ .63.
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How to get large thermopowers
• Since an electron with energy E carries heat (see later)

                                      E-µ:

Sivan and Imry, 1986, from Landauer 
Electrons and holes contribute opposite signs!
Want sharp, asymmetric 

Choosing µ  = 0:

Mott-Cutler
Phys Rev 181,
1336 (1969)
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II. Thermopower near the 
Anderson Transition

11
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Need sharply changing σ(E)!
and no e-h symmetry

• M-I transition: σ(E) ~ (E – Em)x, near Em1 
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Basic theory: add thermal transport  to the Thouless 
picture of conduction between two “blocks”
Thouless, D. J. (1977) Phys. Rev. Lett. 39, 1167.

µr,Trµl,Tl

I
IQ

eV= µl - µr

ΔT = Tl – Tr, 

Golden rule for 
interblock
electron,
Energy, heat
transfer
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Fundamental result: a particle leaving a 
system at energy E, carries heat (TdS) 

of E-μ

Entropy in that state is:

Bosons
Fermions

when the population, f, changes:

(using equilibrium f, E measured from μ)
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Check: for photons/phonons, µ=0.

  Thermal conductance “quantum”, per mode
   in a (ballistic) waveguide is:

Kirczenow and Rego, 1998; cf YI derivation of e2/h 
conductance quantum for electrons (1986).
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Two connected systems with voltage V and 
temp difference ΔT

   

I and IQ conserved (no inelastic scattering).
But, due to V and ΔT  get entropy production:

             T dS/dT = IV + IQ ΔT/T

Rate of dissipation, generalizing Joule
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• Derived full 2x2 “thermoelectric” matrix,

• Checked Onsager relations (incl magnetic field),
    (follow as identities)

• Wiedemann-Franz for (e’s) low-T thermal conductivity,

• Cutler-Mott for thermoelectric power.

Saturday, October 20, 2012



Evaluating Mott-Cutler expression
near Anderson M-I transition (no serious interactions). 

No inelastic scattering, no hopping cond.

And S Scales (only deloc 
electrons, academic interest):
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How to determine the critical exponent 
x?

• Usually, low temp σ0 is plotted vs control parameter prop to 
µ-Em (when both are small enough…)

• We suggest looking at low-temp slope of S,
    and eliminating µ-Em between it and σ (no need to know 
    µ-Em) : 
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Applying this to existing data: Ovadyahu, J 
Phys C19, 5187 (1986), on InOx

Get x ~ 1-1.2, need lower T, but good start!
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See also; Lauinger and Baumann, 
J. Phys Cond Matt 7, 1305 (1995) 

23

Taken x = 1.
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More modern fit (Mokashi et al 2012), x  1.2
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From exp papers:

Ovadyahu and Tousson Phys. Rev. B 38, 
12290 (1988).

Ovadyahu, J Phys C (1986)
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What about full scaling of S?
Nice, but takes us away from the QPT

and hopping is involved  at the higher temps.

Good fit, but x ~.1 is unacceptable!
We believe that hopping below Em reduces high T values.
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Conclusion: Metal-Insulator Transition
near “mobility edge”:

Many more ideas to increase S!!!

Offers a way to both:

1. Get large S, and at low temps.

2. Obtain valuable info on the critical behavior 
near the Anderson QPT.
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III. Thermoelectric 3-terminal 
Transport in  Molecular 

Junctions.

28
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Molecular Junctions

• with Ora Entin-Wohlman, Amnon Aharony. 
PRB (2010)

• Including molecular vibrations and coupling 
to “substrate phonons” 
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thermoelectric transport through molecular bridges

dissipation at reservoirs:

entropy production of phonon 
bath:
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Transport relations and entropy production
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linear-response thermoelectric transport

Onsager relations OK
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Thermoelectric transport coefficients (like 2-t)
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thermoelectric transport coefficients (novel - 3t)
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IV, Hopping 3t Thermoelectrity

• Two-site case

• Longer chains, dominance of 
edges
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to force electrons transported through a 
junction, e.g., one-dimensional nanosystems,  to 
take relatively large and well-defined energy 
from the phonons and deliver it to another 
bath or to an electronic reservoir, as a heat or 
as a (charge) current.

   Generalization of Mahan-Sofo!

role of inelastic interactions

Saturday, October 20, 2012



three-terminal realization of Mahan-Sofo 

new element:  inelastic processes

limited by thermal conductivity of the phonons, 
Wiedmann-Franz law not in action; fails totally, Ke=0, 

with very narrow transport energy-band
Saturday, October 20, 2012



related ideas: 

Kharpai,Ludwig,Kotthaus,Tra
nitz,Wegscheider, Phys. Rev. 
Lett. 97, 176803 (2006): 
Ratchet converting phonon-
induced excitations into dc 
current in QPCʼs

Prance,Smith,Griffiths,Chorley,And
erson,Jones,Farrer,Ritchie, Phys. 
Rev. Lett. 102, 146602 (2009): 
Cooling 2DEG using Qdots, cool 
eʼs in hot eʼs out

Sanchez and Buttiker, Phys. Rev. 
B 83, 085428 (2011):Optimal 
conversion of heat into electric flow 
by coupling to quantized levels
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hopping
 conductance: 

tunneling 
conductance: 
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golden-rule transition rate (inelastic transitions): 

distributions: 

currents: 

the two-site case 
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‘’Onsager’
matrix: 
 

“ordinary” figure of merit:
 limited by phonon heat conductivity
Here, phonon heat cond between phonon
and electron baths

“new” figure of merit for the efficiency 
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“new” figure of merit for the efficiency--more realistic case 

wasted work due to parasitic heat diffusion from the leads to 
the system being cooled, and elastic tunneling conductance 

        Kpp is “the rub”!
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Effect of parasitic small phonon Thermal conductance 
∈ (Kp in2t, or Kpp in 3t) on thermoelectric 
performance near ideal 2-site “singular” case.

Dissipation   O(∈)

Efficiency    1- O(∈1/2) times Carnot

Power  O(∈1/2)  

Saturday, October 20, 2012



the one-dimensional chain -- only edges matter

the conductance is sensitive to changes in the 
configuration within the sample, the 

thermopower is not!
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Ensemble-av (105 samples) of changes of G and S
upon changing the middle of the sample (1D hopping) 

(insensitive) ln S1/S2 
or (sensitive) lnG1/G2

For each realization, the middle sites’  (L from boundary) energy 
is changed by a const. Lines are at 3 different T’s
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Physical Reason: in n.n. chain, S depends
only on first and last site’s energy!

In VRH, or “quasi 1D” , it depends only on 
groups of sites at the ends

Dependence of G on mid-sites cancels!
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Three-terminal semiconductor junction thermoelectric devices:
improving performance

Jian-Hua Jiang,1 Ora Entin-Wohlman,2 and Yoseph Imry1

1Department of Condensed Matter Physics, Weizmann Institute of Science, Rehovot 76100, Israel
2Department of Physics and the Ilse Katz Center for Meso- and Nano-Scale Science and Technology,

Ben Gurion University, Beer Sheva 84105, Israel
(Dated: October 2, 2012)

A three-terminal thermoelectric device based on a p-i-n semiconductor junction is proposed, where

the intrinsic region is mounted onto a, typically bosonic, thermal terminal. Remarkably, the figure

of merit of the device is governed by the energy distribution of the bosons participating in the

transport processes, in addition to the electronic one. An enhanced figure of merit can be obtained

when the relevant distribution is narrow and the electron-boson coupling is strong (such as for

optical phonons). We study the conditions where the figure of merit of the three-terminal junction

can be greater than those of the usual thermoelectric devices made of the same material. A possible

setup with a very high figure of merit, based on Bi2Te3/Si superlattices, is proposed.

PACS numbers: 84.60.Rb,85.80.Fi,72.20.Pa

∗ patent application pending.

I. INTRODUCTION

Thermoelectric energy conversion1,2 has stimulated for
decades considerable research on fundamentals and appli-
cations. For a long time, people strove to find good ther-
moelectric materials with high thermal to electric energy
conversion efficiency. It has been found that the optimal
efficiency of a thermoelectric device in the linear-response
regime is1,2

ηopt = ηC

√
1 + ZT − 1√
1 + ZT + 1

, (1)

with ηC being the Carnot efficiency. The optimal effi-
ciency ηopt is an increasing function of the figure of merit
ZT . However, ZT = TσS2/ (κe + κp) is limited by sev-
eral competing transport coefficients, the conductivity σ,
the Seebeck coefficient S, and the electronic (phononic)
thermal conductivity κe (κp), making high values of ZT
hard to achieve.3,4 Mahan and Sofo (henceforth “M-S”)5

proposed to analyze and achieve high values of ZT by
separating it into two factors: (A) TσS2/κe and (B)
κe/(κe+κp). By recognizing that the electronic transport
quantities, S and κe/σ, are related to the mean and the
variance of E−µ (i.e., the heat transferred by an electron
at energy E with µ being the chemical potential6), over
the transport distribution function, namely the energy-
dependent conductivity σ(E), they were able to obtain5

TσS2

κe
=

�E − µ�2

�(E − µ)2� − �E − µ�2
. (2)

For a quantity O (which is a func-
tion of E microscopically) �O� =�
dEσ(E)(−∂f0/∂E)O(E)/

�
dE(−∂f0/∂E)σ(E),

with f0 being the equilibrium Fermi distribution func-
tion. According to M-S,5 high ZT values can be achieved
(i) by increasing the factor (A) through decreasing the
variance of E − µ via a sharp structure in σ(E), away
from the chemical potential µ, and (ii) by reducing the
ratio κp/κe. Following this, there were many proposals
to achieve effectively narrow electronic bands, especially
in nanostructures with transmission resonances and
where the enhanced scattering of phonons at interfaces
also reduces the phononic heat conductivity κp.7–10

However, narrow electronic bands do not necessarily
lead to high ZT values. Specifically, when κe � κp, ZT
does not increase via reducing the variance of E − µ
when it is already limited by κp, or if σ is concurrently
decreased, it has been argued11 to even harm ZT and
reduce the power factor σS2. The best figure of merit
can only be obtained by considering the competition of
all those factors.11

One should be aware that the energy-dependent con-
ductivity σ(E) is well-defined only for elastic processes.
In the direct generalization of the M-S results to in-
clude the inelastic processes, E in Eq. (2) effectively
becomes the average, E = (Ei + Ef )/2, of the ini-
tial and final energies (Ei and Ef , respectively) of the
transferred electron.12 Nontrivial aspects of the inelas-
tic processes are revealed in the “three-terminal thermo-
electric devices” proposed very recently.13–18 By “three-
terminal” we mean a set-up with an additional thermal
terminal supplying bosons (e.g., phonons, electron-hole
excitations) involved in the inelastic processes, besides
the two electronic terminals. In such devices, in addition
to the normal thermoelectric effect in the two electronic
terminals, there can be a thermoelectric effect due to
the energy transfer between the thermal terminal and the
electronic ones. Physically, this is because the energy
exchange between the electronic and bosonic systems in-
duces an electric current, or vice versa. The optimal
efficiency of such a three-terminal thermoelectric device
in the linear-response regime was found in Ref. 16 to be

Submitted to Phys Rev B
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theless, if the system is not far away from that regime,

such treatment may still offer useful information.
2

II. THREE-TERMINAL p-i-n JUNCTION
THERMOELECTRIC DEVICE

A. The device concept and structure

In the following discussions we specifically consider a

p-i-n junction made of “extremely narrow-gap semicon-

ductors”. The structure is depicted in Fig. 1a, for the

case of converting thermal to electrical energy. It can be

viewed as an analog of the p-i-n photodiode, where pho-

tons are replaced by phonons, i.e., the phonon-assisted

inter-band transitions lead to current generation in the

junction. The device can also be used to e.g. cool the

thermal terminal via the electric current between the

electronic terminals. We focus on the situation where

single-phonon assisted inter-band transitions are allowed

(The electronic band gap is hence required to be smaller
than the phonon energy). Such processes may play a sig-

nificant role in the transport across the junction whereas

the transition rates of multi-phonon processes are much

smaller. In semiconductors, the optical phonon energy is

in the range of 20 ∼ 100 meV. There are several candi-

dates with such small band gaps: (i) Gapless semiconduc-

tors resulting from accidental band degeneracy in solid

solutions, such as Pb1−xSnxTe and Pb1−xSnxSe.
23

At

certain mole fraction x the band gap closes, around which

it can be very small. (ii) Gapless semiconductors orig-

inating from band inversion, such as HgTe and HgSe.
23

The band gap can be tuned via the quantum-well effect
in the superlattices composed of a gapless semiconductor

and a normal semiconductor without band inversion.
24

An example is the HgTe/CdTe superlattices with a tun-

able band gap.
25

(iii) Multilayers (superlattices) of dif-

ferent semiconductors or of “topological” insulators with

ordinary insulator layers sandwiched between the topo-

logical ones.
26

For example in Bi2Te3/Si superlattices

the energy gap can be tuned by varying the thickness of

the topological and ordinary layers.
26

A significant merit

of superlattices is that the lattice thermal conductivity

along the growth direction can be much smaller than both

of the two bulk constituents. For example, the Si/Ge su-

perlattices have a thermal conductivity about two orders

of magnitude smaller than the bulk values.
27

We also

point out that the same idea can be applied to devices

where the role of optical phonons is replaced by other

bosons. If the energy of such bosons is higher the re-

quirement for small band gap can be softened.

For simplicity we consider a linear junction where

the conduction band edge varies linearly in the intrin-

sic region with the coordinate along the junction z from

z = −L/2 to L/2 as

Ec(z) = Eg(1/2− az/L) (5)

with Eg being the band gap.
28

The equilibrium value of

the chemical potential is chosen to be the zero of energy.

We set 0 < a < 1 so that the p-doped (n-doped) region is

at the left (right) side of the junction [see Fig. 1b]. These

electronic terminals can have temperatures different from
that of the thermal terminal. It is favorable to bend

the two electronic terminals away from the thermal one

so that they will be better thermally isolated from the

thermal terminal and from each other [see Fig. 1a].

FIG. 1. (Color online) (a) Schematic illustration of a possi-
ble three-terminal p-i-n junction thermoelectric device. The
phonon source acts as the thermal terminal. The two elec-
tronic terminals are the p and n doped regions respectively.
As an example we illustrate the situation when the device
converts thermal energy from the thermal terminal to elec-
trical energy. The arrows denote the direction of the electric
current. (The device can also cool the thermal terminal by
consuming the electrical energy, not indicated in the figure).
(b) The band structure of the p-i-n junction. The dotted
line is the chemical potential at equilibrium. The red arrow
labels the phonon-assisted inter-band transition which gener-
ates electrons and holes. When drifting with the built-in elec-
tric field the generated nonequilibrium carriers lead to current
flow across the junction. (c) A schematic illustration of an-
other possible set-up of three-terminal p-i-n junction thermo-
electric device. The thermal terminal (labeled as “T” in the
figure) is a thermal finger, which can be either a phonon reser-
voir or an electronic one. In the latter case the electron-hole
pair excitations or plasmons are coupled with the electrons in
the intrinsic regions via the Coulomb interaction.

B. “Ideal” figure of merit

We start by considering only the phonon-assisted

transport, ignoring the phononic thermal conduction and

the normal diode transport. The phonon-assisted inter-

band transitions generate current flow in the junction,

similar to the situation in a photodiode. In the linear-

V.
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electric device. The thermal terminal (labeled as “T” in the
figure) is a thermal finger, which can be either a phonon reser-
voir or an electronic one. In the latter case the electron-hole
pair excitations or plasmons are coupled with the electrons in
the intrinsic regions via the Coulomb interaction.

B. “Ideal” figure of merit

We start by considering only the phonon-assisted

transport, ignoring the phononic thermal conduction and

the normal diode transport. The phonon-assisted inter-

band transitions generate current flow in the junction,

similar to the situation in a photodiode. In the linear-

Boson (phonon, e-h, exciton)
bath
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Here I and I
e
Q are the electronic charge and heat cur-

rents flowing between the two electronic terminals, e < 0
is the electronic charge, IpeQ is the heat current from the
thermal terminal to the two electronic ones, Gin is the
conductance in the inelastic channels, K0

e is related to
the electronic heat conductance between the electronic
terminals, and Kpe is that between the thermal termi-
nal and the electronic ones. The transport coefficients
L1, L2, and L3 are related to the currents induced by
the temperature differences (thermopower effect) and the
current-induced temperature differences (refrigerator and
heater effects). δµ = µL − µR (δT = TL − TR) is the
chemical potential (temperature) difference between the
two electronic terminals, and ∆T = Tp − 1

2 (TL + TR) is
the difference between the temperature of the thermal
terminal and the average temperature of the two electric
ones, with TL, TR, and Tp being the temperatures of the
left, right electronic terminals, and the phonon terminal
respectively. With the definitions of ∆T , δT , and I

e
Q, I

pe
Q

the Onsager reciprocal relationships are satisfied. In such
a setup, as found in Ref. 16, the three-terminal Seebeck
coefficient and figure of merit are, when Gel and Kpp are
neglected,

Sp =
L2

TGin
, Z̃T =

L
2
2

GinKpe − L
2
2

, (7)

respectively. To obtain the transport coefficients and the
figure of merit, we need to calculate the phonon-assisted
currents through the system.

The Hamiltonian of the inter-band electron-phonon
coupling is29

He−ph =
1√
V

�

kqλνρ

Mqλνρc
†
k+qρckν(aqλ + a

†
−qλ) + H.c. ,

(8)
where V is the volume of the system, λ is the phonon
branch index, ν (ρ) runs through the valence (conduc-
tion) band indexes, Mqλνρ is the matrix element of the
electron-phonon coupling, and c

† (a†) is the electron
(phonon) creation operator. Due to momentum (when
valid) and energy conservations, phonons involved in such
processes will be in a small energy range. For indirect-
band semiconductors and with momentum conservation,
these phonons can be acoustic as well as optical ones.
For simplicity and definiteness, we consider a direct-band
semiconductor system and assume that the contribution
from the optical phonons is the dominant one. From
Eq. (8), the net electron-hole generation rate per unit
volume, gp, is given for single-phonon transitions by the

Fermi golden rule as

gp =
2π

�
�

kqλνρ

|Mqλνρ|2
�
(1− fk+qρ)fkνNqλ − fk+qρ

× (1− fkν)(Nqλ + 1)
�
δ(Ek+qρ − Ekν − ωqλ)

=

�
dEidEjΓp(Ei, Ej)

�
(1− f(Ej))f(Ei)N(ωji)

− f(Ej)(1− f(Ei))(N(ωji) + 1)
�
, (9)

where

Γp(Ei, Ej) =
2π

�
�

kqλνρ

|Mqλνρ|2δ(Ej − Ei − ωqλ)

× δ(Ek+qρ − Ej)δ(Ekν − Ei). (10)

Ek+qρ, Ekν , and ωqλ are the electron and phonon en-
ergies when the two systems are uncoupled. f and
N are the nonequilibrium distributions of electrons and
phonons in the intrinsic region, with ωji ≡ Ej − Ei > 0
due to energy conservation. According to Ref. 30, when
the length of the intrinsic region L is sufficiently smaller
than the carrier diffusion length, the electronic distri-
bution in the conduction (valence) band in the intrin-
sic region can be well approximated as the distribution
in the n-doped (p-doped) electronic terminal.30 Similarly
the phonon distribution is almost the same as that in the
thermal terminal when the contact between the intrinsic
region and the thermal terminal is good. Finally, a small
amount of disorder which always exists in real systems
and relaxes the momentum conservation can enhance the
phonon-assisted inter-band transitions.

The transport coefficients are determined by studying
the currents at a given bias and/or a temperature differ-
ence. The key relation is the continuity equation,30,31

∂tnα(z, t) =
n
eq
α (z)− nα(z, t)

τα
− 1

qα
∂zIα(z, t)+gp , (11)

where nα (α = e, h) are the electron and the hole densi-
ties in the conduction and valence bands, and n

eq
α are the

equilibrium values of those densities. Iα are the charge
currents, qα are the charges of the electron and the hole,
τα are the carrier lifetimes limited by the recombination
processes other than the phonon-assisted ones that have
already been taken into account in gp, and gp is the net
carrier density generation rate given in Eq. (9). The cur-
rents Iα, which consist of diffusion and drift parts, are

Iα(z) = −eχαnα(z)E − qαDα∂znα(z) , (12)

where χα and Dα are the mobilities and the diffusion
constants, respectively. They are related by the Einstein
relation, Dα = −(kBT/e)χα. E = aEg/(eL) is the built-
in electric field in the intrinsic region.
If Boltzmann statistics can be assumed everywhere,

the net generation rate gp will depend on z very weakly
such that its spatial dependence can be ignored. In this
situation, the total carrier densities can be divided into

Again, ideally:
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Here I and I
e
Q are the electronic charge and heat cur-

rents flowing between the two electronic terminals, e < 0
is the electronic charge, IpeQ is the heat current from the
thermal terminal to the two electronic ones, Gin is the
conductance in the inelastic channels, K0

e is related to
the electronic heat conductance between the electronic
terminals, and Kpe is that between the thermal termi-
nal and the electronic ones. The transport coefficients
L1, L2, and L3 are related to the currents induced by
the temperature differences (thermopower effect) and the
current-induced temperature differences (refrigerator and
heater effects). δµ = µL − µR (δT = TL − TR) is the
chemical potential (temperature) difference between the
two electronic terminals, and ∆T = Tp − 1

2 (TL + TR) is
the difference between the temperature of the thermal
terminal and the average temperature of the two electric
ones, with TL, TR, and Tp being the temperatures of the
left, right electronic terminals, and the phonon terminal
respectively. With the definitions of ∆T , δT , and I
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the Onsager reciprocal relationships are satisfied. In such
a setup, as found in Ref. 16, the three-terminal Seebeck
coefficient and figure of merit are, when Gel and Kpp are
neglected,
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respectively. To obtain the transport coefficients and the
figure of merit, we need to calculate the phonon-assisted
currents through the system.

The Hamiltonian of the inter-band electron-phonon
coupling is29

He−ph =
1√
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k+qρckν(aqλ + a

†
−qλ) + H.c. ,
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where V is the volume of the system, λ is the phonon
branch index, ν (ρ) runs through the valence (conduc-
tion) band indexes, Mqλνρ is the matrix element of the
electron-phonon coupling, and c

† (a†) is the electron
(phonon) creation operator. Due to momentum (when
valid) and energy conservations, phonons involved in such
processes will be in a small energy range. For indirect-
band semiconductors and with momentum conservation,
these phonons can be acoustic as well as optical ones.
For simplicity and definiteness, we consider a direct-band
semiconductor system and assume that the contribution
from the optical phonons is the dominant one. From
Eq. (8), the net electron-hole generation rate per unit
volume, gp, is given for single-phonon transitions by the

Fermi golden rule as

gp =
2π
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Ek+qρ, Ekν , and ωqλ are the electron and phonon en-
ergies when the two systems are uncoupled. f and
N are the nonequilibrium distributions of electrons and
phonons in the intrinsic region, with ωji ≡ Ej − Ei > 0
due to energy conservation. According to Ref. 30, when
the length of the intrinsic region L is sufficiently smaller
than the carrier diffusion length, the electronic distri-
bution in the conduction (valence) band in the intrin-
sic region can be well approximated as the distribution
in the n-doped (p-doped) electronic terminal.30 Similarly
the phonon distribution is almost the same as that in the
thermal terminal when the contact between the intrinsic
region and the thermal terminal is good. Finally, a small
amount of disorder which always exists in real systems
and relaxes the momentum conservation can enhance the
phonon-assisted inter-band transitions.

The transport coefficients are determined by studying
the currents at a given bias and/or a temperature differ-
ence. The key relation is the continuity equation,30,31

∂tnα(z, t) =
n
eq
α (z)− nα(z, t)

τα
− 1

qα
∂zIα(z, t)+gp , (11)

where nα (α = e, h) are the electron and the hole densi-
ties in the conduction and valence bands, and n

eq
α are the

equilibrium values of those densities. Iα are the charge
currents, qα are the charges of the electron and the hole,
τα are the carrier lifetimes limited by the recombination
processes other than the phonon-assisted ones that have
already been taken into account in gp, and gp is the net
carrier density generation rate given in Eq. (9). The cur-
rents Iα, which consist of diffusion and drift parts, are

Iα(z) = −eχαnα(z)E − qαDα∂znα(z) , (12)

where χα and Dα are the mobilities and the diffusion
constants, respectively. They are related by the Einstein
relation, Dα = −(kBT/e)χα. E = aEg/(eL) is the built-
in electric field in the intrinsic region.
If Boltzmann statistics can be assumed everywhere,

the net generation rate gp will depend on z very weakly
such that its spatial dependence can be ignored. In this
situation, the total carrier densities can be divided into
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Here I and I
e
Q are the electronic charge and heat cur-

rents flowing between the two electronic terminals, e < 0
is the electronic charge, IpeQ is the heat current from the
thermal terminal to the two electronic ones, Gin is the
conductance in the inelastic channels, K0

e is related to
the electronic heat conductance between the electronic
terminals, and Kpe is that between the thermal termi-
nal and the electronic ones. The transport coefficients
L1, L2, and L3 are related to the currents induced by
the temperature differences (thermopower effect) and the
current-induced temperature differences (refrigerator and
heater effects). δµ = µL − µR (δT = TL − TR) is the
chemical potential (temperature) difference between the
two electronic terminals, and ∆T = Tp − 1

2 (TL + TR) is
the difference between the temperature of the thermal
terminal and the average temperature of the two electric
ones, with TL, TR, and Tp being the temperatures of the
left, right electronic terminals, and the phonon terminal
respectively. With the definitions of ∆T , δT , and I

e
Q, I

pe
Q

the Onsager reciprocal relationships are satisfied. In such
a setup, as found in Ref. 16, the three-terminal Seebeck
coefficient and figure of merit are, when Gel and Kpp are
neglected,
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respectively. To obtain the transport coefficients and the
figure of merit, we need to calculate the phonon-assisted
currents through the system.

The Hamiltonian of the inter-band electron-phonon
coupling is29

He−ph =
1√
V
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Mqλνρc
†
k+qρckν(aqλ + a

†
−qλ) + H.c. ,

(8)
where V is the volume of the system, λ is the phonon
branch index, ν (ρ) runs through the valence (conduc-
tion) band indexes, Mqλνρ is the matrix element of the
electron-phonon coupling, and c

† (a†) is the electron
(phonon) creation operator. Due to momentum (when
valid) and energy conservations, phonons involved in such
processes will be in a small energy range. For indirect-
band semiconductors and with momentum conservation,
these phonons can be acoustic as well as optical ones.
For simplicity and definiteness, we consider a direct-band
semiconductor system and assume that the contribution
from the optical phonons is the dominant one. From
Eq. (8), the net electron-hole generation rate per unit
volume, gp, is given for single-phonon transitions by the

Fermi golden rule as

gp =
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Ek+qρ, Ekν , and ωqλ are the electron and phonon en-
ergies when the two systems are uncoupled. f and
N are the nonequilibrium distributions of electrons and
phonons in the intrinsic region, with ωji ≡ Ej − Ei > 0
due to energy conservation. According to Ref. 30, when
the length of the intrinsic region L is sufficiently smaller
than the carrier diffusion length, the electronic distri-
bution in the conduction (valence) band in the intrin-
sic region can be well approximated as the distribution
in the n-doped (p-doped) electronic terminal.30 Similarly
the phonon distribution is almost the same as that in the
thermal terminal when the contact between the intrinsic
region and the thermal terminal is good. Finally, a small
amount of disorder which always exists in real systems
and relaxes the momentum conservation can enhance the
phonon-assisted inter-band transitions.

The transport coefficients are determined by studying
the currents at a given bias and/or a temperature differ-
ence. The key relation is the continuity equation,30,31

∂tnα(z, t) =
n
eq
α (z)− nα(z, t)
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− 1
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∂zIα(z, t)+gp , (11)

where nα (α = e, h) are the electron and the hole densi-
ties in the conduction and valence bands, and n

eq
α are the

equilibrium values of those densities. Iα are the charge
currents, qα are the charges of the electron and the hole,
τα are the carrier lifetimes limited by the recombination
processes other than the phonon-assisted ones that have
already been taken into account in gp, and gp is the net
carrier density generation rate given in Eq. (9). The cur-
rents Iα, which consist of diffusion and drift parts, are

Iα(z) = −eχαnα(z)E − qαDα∂znα(z) , (12)

where χα and Dα are the mobilities and the diffusion
constants, respectively. They are related by the Einstein
relation, Dα = −(kBT/e)χα. E = aEg/(eL) is the built-
in electric field in the intrinsic region.
If Boltzmann statistics can be assumed everywhere,

the net generation rate gp will depend on z very weakly
such that its spatial dependence can be ignored. In this
situation, the total carrier densities can be divided into
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Here I and I
e
Q are the electronic charge and heat cur-

rents flowing between the two electronic terminals, e < 0
is the electronic charge, IpeQ is the heat current from the
thermal terminal to the two electronic ones, Gin is the
conductance in the inelastic channels, K0

e is related to
the electronic heat conductance between the electronic
terminals, and Kpe is that between the thermal termi-
nal and the electronic ones. The transport coefficients
L1, L2, and L3 are related to the currents induced by
the temperature differences (thermopower effect) and the
current-induced temperature differences (refrigerator and
heater effects). δµ = µL − µR (δT = TL − TR) is the
chemical potential (temperature) difference between the
two electronic terminals, and ∆T = Tp − 1

2 (TL + TR) is
the difference between the temperature of the thermal
terminal and the average temperature of the two electric
ones, with TL, TR, and Tp being the temperatures of the
left, right electronic terminals, and the phonon terminal
respectively. With the definitions of ∆T , δT , and I
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respectively. To obtain the transport coefficients and the
figure of merit, we need to calculate the phonon-assisted
currents through the system.

The Hamiltonian of the inter-band electron-phonon
coupling is29

He−ph =
1√
V
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k+qρckν(aqλ + a
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−qλ) + H.c. ,
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where V is the volume of the system, λ is the phonon
branch index, ν (ρ) runs through the valence (conduc-
tion) band indexes, Mqλνρ is the matrix element of the
electron-phonon coupling, and c

† (a†) is the electron
(phonon) creation operator. Due to momentum (when
valid) and energy conservations, phonons involved in such
processes will be in a small energy range. For indirect-
band semiconductors and with momentum conservation,
these phonons can be acoustic as well as optical ones.
For simplicity and definiteness, we consider a direct-band
semiconductor system and assume that the contribution
from the optical phonons is the dominant one. From
Eq. (8), the net electron-hole generation rate per unit
volume, gp, is given for single-phonon transitions by the

Fermi golden rule as
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Ek+qρ, Ekν , and ωqλ are the electron and phonon en-
ergies when the two systems are uncoupled. f and
N are the nonequilibrium distributions of electrons and
phonons in the intrinsic region, with ωji ≡ Ej − Ei > 0
due to energy conservation. According to Ref. 30, when
the length of the intrinsic region L is sufficiently smaller
than the carrier diffusion length, the electronic distri-
bution in the conduction (valence) band in the intrin-
sic region can be well approximated as the distribution
in the n-doped (p-doped) electronic terminal.30 Similarly
the phonon distribution is almost the same as that in the
thermal terminal when the contact between the intrinsic
region and the thermal terminal is good. Finally, a small
amount of disorder which always exists in real systems
and relaxes the momentum conservation can enhance the
phonon-assisted inter-band transitions.

The transport coefficients are determined by studying
the currents at a given bias and/or a temperature differ-
ence. The key relation is the continuity equation,30,31

∂tnα(z, t) =
n
eq
α (z)− nα(z, t)
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− 1

qα
∂zIα(z, t)+gp , (11)

where nα (α = e, h) are the electron and the hole densi-
ties in the conduction and valence bands, and n

eq
α are the

equilibrium values of those densities. Iα are the charge
currents, qα are the charges of the electron and the hole,
τα are the carrier lifetimes limited by the recombination
processes other than the phonon-assisted ones that have
already been taken into account in gp, and gp is the net
carrier density generation rate given in Eq. (9). The cur-
rents Iα, which consist of diffusion and drift parts, are

Iα(z) = −eχαnα(z)E − qαDα∂znα(z) , (12)

where χα and Dα are the mobilities and the diffusion
constants, respectively. They are related by the Einstein
relation, Dα = −(kBT/e)χα. E = aEg/(eL) is the built-
in electric field in the intrinsic region.
If Boltzmann statistics can be assumed everywhere,

the net generation rate gp will depend on z very weakly
such that its spatial dependence can be ignored. In this
situation, the total carrier densities can be divided into
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two parts, nα = nα,g + nα,n where nα,g = gpτα are the
spatially-independent carrier densities generated by the
phonon-assisted inter-band transitions and nα,n are the
“normal” densities in the junction, determined by the
continuity equation with gp = 0. Similarly, the current
is divided into two parts, Iα = Iαn + Iαg . The current in
the normal diode channel can be obtained from Eqs. (11)
and (12) with proper boundary conditions, yielding the
celebrated rectification current-voltage relation,

Iαn = Iαns(e
−δµ/kBT − 1) (13)

with Iαns = −eDαL−1
α nm

α being the saturated currents.
Here nm

α is the density of the minority carrier and Lα is
its diffusion length.30

Inserting nα,g into Eq. (12), one obtains the currents
in the phonon-assisted channel32

Iαg = −eχαgpταE = −χαταEgaL
−1gp . (14)

In the linear-response regime,

gp =

�
dEidEjΓp(Ei, Ej)f

0(Ei)(1− f0(Ej))

×N0(ωji)
� δµ

kBT
+

Eij − µ

kBT

δT

T
+

ωji

kBT

∆T

T

�

≡ g0p

� δµ

kBT
+

�
Eij − µ

�

kBT

δT

T
+

�ωji�
kBT

∆T

T

�
, (15)

where f0 and N0 are the equilibrium distribution func-
tions of the electrons and the phonons, respectively, and
Eij ≡ (Ei + Ej)/2. Consequently

Gin = −
eEgg0pa

kBTL

�

α

χατα , L1 =
Gin

e

�
Eij − µ

�
,

L2 =
Gin

e
�ωji� , K0

e =
Gin

e2
�
(Eij − µ)2

�
,

L3 =
Gin

e2
�
(Eij − µ)ωji

�
, Kpe =

Gin

e2
�
ω2
ji

�
, (16)

where g0p is the equilibrium transition rate [defined in
Eq. (15)] and the average is defined in Eq. (4) with

gin(Ei, Ej) = − eEga

kBTL
Γp(Ei, Ej)f

0(Ei)(1− f0(Ej))

×N0(ωji)
�

α

χατα. (17)

The above results are very similar to those obtained in
Ref. 16: due to the inelastic nature of the transport, the
carrier energies at the p and n terminals are different; the

heat transferred between the two terminals is the average
one Eij − µ, whereas the energy difference ωji is trans-
ferred from the thermal terminal to the two electronic
ones. This is also manifested in the way the temperature
differences are coupled to the heat flows16 in Eq. (15),
ensuring the Onsager relations. An important feature is
that the three-terminal Seebeck coefficient, L2/(TGin),
is negative definite since ωji > 0. In contrast, the two-
terminal Seebeck coefficient, L1/(TGin), does not pos-
sess this property. It can be positive or negative due
to the partial cancelation of the contributions from elec-
trons and holes, whereas there is no such cancelation for
L2 [see Eq. (16)]. Equation (16) is a generalization of
the results in Ref. 16 where there was only a single mi-
croscopic energy channel. When many inelastic processes
coexist, the contribution of each process is weighed by its
conductance. From Eqs. (7) and (16), we find that the
“ideal” three-terminal figure of merit is

Z̃T
���
ideal

=
�ωji�2�

ω2
ji

�
− �ωji�2

. (18)

For a single microscopic energy channel system where
ωji is fixed, this figure of merit goes to infinity.16 When
there are many processes, it becomes finite due to the
nonzero variance. We estimate the figure of merit when
ω0 − Eg � kBT and γ, kBT � ω0. The variance of
ωji [see Eq. (17)] is limited by γ2 or (kBT )2, whichever

is smaller. �ωji�2 � ω2
0 is then much larger than the

variance. The “ideal” figure of merit can be very high
thanks to the electronic band gap when Eg � kBT or
the narrow bandwidth of the optical phonons ω0 � γ.
However, in realistic situations, as often happens, the
parasitic heat conduction is another major obstacle to a
high figure of merit. This will be analyzed in the next
subsection.

C. Realistic figure of merit

Besides the phonon-assisted transport channel, there
is the normal diode channel which is dominated by the
(elastic) barrier transmission and the diffusion of minor-
ity carriers. It contributes to G, L1, and K0

e as well. In
addition there are the “parasitic” heat currents carried
by phonons flowing between the two electronic terminals
and those from the thermal terminal to the other ones.
Taking into account all those the thermoelectric trans-
port equations are written as




Ie
IQ
ITQ



 =




Gin +Gel L1 + L1,el L2

L1 + L1,el K0
e +K0

e,el +Kp L3

L2 L3 Kpe +Kpp








δµ/e

δT/T

∆T/T



 . (19)

Real-Life situation, with “parasitics”

       We know how to minimize elastic transport. Real issue 

      is Kpp -- phonon heat cond between thermal 

and electronic terminals.
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Here, IQ = IeQ+ IpQ is the total heat current between the
two electronic terminals which consists of the electronic
IeQ and the phononic IpQ contributions; ITQ = IpeQ + IppQ is
the total heat current flowing out of the thermal ter-
minal to the two electronic ones with IppQ being the

phononic part. Gel, L1,el, and K0
e,el are the contribu-

tions to the transport coefficients from the normal diode
(elastic) channel. Note that the elastic channel does not
contribute to L2 and L3 which are solely related to the in-
elastic processes. Kp and Kpp are the heat conductances
of phonons flowing between the two electronic terminals
and those flowing from the thermal terminal to the two
electronic ones, respectively. The three-terminal figure
of merit can be obtained by optimizing the efficiency of
a refrigerator working at δT = 0 but with finite δµ and
∆T . It is found in Ref. 16 that this figure of merit is16

Z̃T =
L2
2

(Gin +Gel)(Kpe +Kpp)− L2
2

. (20)

The above equation is equivalent to Eq. (3). The diode
conductance is Gel = −(e/kBT )

�
α Iαns. A high figure of

merit requires Gin � Gel which is not difficult to achieve
according to the analysis in the next subsection (IID). In
such a situation and when γ � ω or kBT � ω, i.e., when
the energy width due to kBT or γ gives a much weaker
limitation to Z̃T than Kpp, one finds from Eq. (20)33

Z̃T � Kpe

Kpp
, (21)

Estimations carried out in Sec. IID indicate that there
are parameter regimes where the figure of merit Eq. (20),
as well as the power factor, can be greater than the usual
two-terminal ones in the same material.

We note that, unlike the two-terminal case, the ther-
mal conductance Kp, between the electronic terminals,
does not affect the three-terminal figure of merit.

Often Kp and Kpp which are of the same order of mag-
nitude. We note that Kp and Kpp are small in several
gapless semiconductors such as PbSnTe, PbSnSe, BiSb,
HgTe, and HgCdTe. In addition, superlattice structures
(and other planar composite structures) usually have
much lower Kp and Kpp than the bulk materials along
the growth direction.34 The geometry where the electric
current flows along that direction is promising for high
figures of merit.

D. Estimation of the figure of merit and power
factor

We defined τα (α = e, h) as the carrier lifetimes due to
recombination processes other than the phonon-assisted
ones that have already been taken into account in gp [see
Eq. (9)]. The carrier lifetimes due to the phonon-assisted
processes, τe,p for electron and τh,p for hole, satisfy the
detailed balance relations g0pτe,p = g0pτh,p = ni in the
intrinsic region. Here ni is the electron (hole) density

in that region and g0p is the equilibrium transition rate
per unit volume defined in Eq. (15). The transition be-
tween minibands in semiconductor superlattices is usu-
ally dominated by the phonon-assisted processes in the
dark limit when the miniband gap is smaller than the
phonon energy.35 We introduce the parameter ζ to write
g0pτe � g0pτh = ζni. ζ is proportional to the electron-
phonon interaction strength. It is of order unity when
such a coupling is strong as is the case for some III-V
(and other) semiconductors, or smaller (it will be taken
as 1/4 later).35 Inserting this into Eq. (16) one has

Gin � e2(kBT )
−2Egζni

�

α

DαL
−1 , (22)

where L stands for the length of the intrinsic region which
will be taken to be much smaller than the diffusion length
Lα.30 We have chosen a [defined in Eq.(5)] to be close
to 1 in the above equation, which assumes high doping
density Nd � N0 ≡ ni exp[Eg/(2kBT )] in the p and n
doped regions. The elastic conductance is the slope of
the I-V rectification characteristics, Eq. (13), at V = 0,
which is

Gel � e2(kBT )
−1n2

iN
−1
d

�

α

DαL
−1
α (23)

with Lα denoting the carrier diffusion length. The ma-
jority carrier densities (doping densities) in both the n
and p regions are taken to be Nd. It follows then that

Gel

Gin
� kBT

Eg

ni

ζNd

�
α DαL−1

α�
α DαL−1

. (24)

A small ratio can be easily achieved since L < Lα, kBT <
Eg and ni � Nd. Therefore the contribution of Gel is
not the main obstacle for a high figure of merit in this
device.
For Gel � Gin with γ (the width of phononic energy

band) and kBT being much smaller than ω0 (the typical
phonon energy), the figure of merit is given by Eq. (21).
The phononic heat conductance Kpp is, as usual, the
least known and another important obstacle. It can
be reduced, in principle, by engineering the interfaces.
Without such improvement according to the geometry
Kpp � 4Kp where Kp is the bulk phonon heat conduc-
tance across the junction. We first ignore the tempera-
ture dependence ofKp/T (andKpp/T ) and focus on opti-
mizing the figure of merit with a relatively large Kpe/T .3

In the relevant regime Kpe � e−2Ginω2
0 � e−2GinE2

g .
Exploiting Eq, (22) one obtains

Kpe

T
�

�
Eg

kBT

�3

e−
Eg

2kBT kBζN0

�

α

DαL
−1. (25)

The temperature dependence mainly comes from the first
two terms while the others are mainly determined by the
material and geometric properties of the junction. A rel-
atively high value can be achieved with kBT = Eg/6,
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Here, IQ = IeQ+ IpQ is the total heat current between the
two electronic terminals which consists of the electronic
IeQ and the phononic IpQ contributions; ITQ = IpeQ + IppQ is
the total heat current flowing out of the thermal ter-
minal to the two electronic ones with IppQ being the

phononic part. Gel, L1,el, and K0
e,el are the contribu-

tions to the transport coefficients from the normal diode
(elastic) channel. Note that the elastic channel does not
contribute to L2 and L3 which are solely related to the in-
elastic processes. Kp and Kpp are the heat conductances
of phonons flowing between the two electronic terminals
and those flowing from the thermal terminal to the two
electronic ones, respectively. The three-terminal figure
of merit can be obtained by optimizing the efficiency of
a refrigerator working at δT = 0 but with finite δµ and
∆T . It is found in Ref. 16 that this figure of merit is16

Z̃T =
L2
2

(Gin +Gel)(Kpe +Kpp)− L2
2

. (20)

The above equation is equivalent to Eq. (3). The diode
conductance is Gel = −(e/kBT )

�
α Iαns. A high figure of

merit requires Gin � Gel which is not difficult to achieve
according to the analysis in the next subsection (IID). In
such a situation and when γ � ω or kBT � ω, i.e., when
the energy width due to kBT or γ gives a much weaker
limitation to Z̃T than Kpp, one finds from Eq. (20)33

Z̃T � Kpe

Kpp
, (21)

Estimations carried out in Sec. IID indicate that there
are parameter regimes where the figure of merit Eq. (20),
as well as the power factor, can be greater than the usual
two-terminal ones in the same material.

We note that, unlike the two-terminal case, the ther-
mal conductance Kp, between the electronic terminals,
does not affect the three-terminal figure of merit.

Often Kp and Kpp which are of the same order of mag-
nitude. We note that Kp and Kpp are small in several
gapless semiconductors such as PbSnTe, PbSnSe, BiSb,
HgTe, and HgCdTe. In addition, superlattice structures
(and other planar composite structures) usually have
much lower Kp and Kpp than the bulk materials along
the growth direction.34 The geometry where the electric
current flows along that direction is promising for high
figures of merit.

D. Estimation of the figure of merit and power
factor

We defined τα (α = e, h) as the carrier lifetimes due to
recombination processes other than the phonon-assisted
ones that have already been taken into account in gp [see
Eq. (9)]. The carrier lifetimes due to the phonon-assisted
processes, τe,p for electron and τh,p for hole, satisfy the
detailed balance relations g0pτe,p = g0pτh,p = ni in the
intrinsic region. Here ni is the electron (hole) density

in that region and g0p is the equilibrium transition rate
per unit volume defined in Eq. (15). The transition be-
tween minibands in semiconductor superlattices is usu-
ally dominated by the phonon-assisted processes in the
dark limit when the miniband gap is smaller than the
phonon energy.35 We introduce the parameter ζ to write
g0pτe � g0pτh = ζni. ζ is proportional to the electron-
phonon interaction strength. It is of order unity when
such a coupling is strong as is the case for some III-V
(and other) semiconductors, or smaller (it will be taken
as 1/4 later).35 Inserting this into Eq. (16) one has

Gin � e2(kBT )
−2Egζni

�

α

DαL
−1 , (22)

where L stands for the length of the intrinsic region which
will be taken to be much smaller than the diffusion length
Lα.30 We have chosen a [defined in Eq.(5)] to be close
to 1 in the above equation, which assumes high doping
density Nd � N0 ≡ ni exp[Eg/(2kBT )] in the p and n
doped regions. The elastic conductance is the slope of
the I-V rectification characteristics, Eq. (13), at V = 0,
which is

Gel � e2(kBT )
−1n2

iN
−1
d

�

α

DαL
−1
α (23)

with Lα denoting the carrier diffusion length. The ma-
jority carrier densities (doping densities) in both the n
and p regions are taken to be Nd. It follows then that

Gel

Gin
� kBT

Eg

ni

ζNd

�
α DαL−1

α�
α DαL−1

. (24)

A small ratio can be easily achieved since L < Lα, kBT <
Eg and ni � Nd. Therefore the contribution of Gel is
not the main obstacle for a high figure of merit in this
device.
For Gel � Gin with γ (the width of phononic energy

band) and kBT being much smaller than ω0 (the typical
phonon energy), the figure of merit is given by Eq. (21).
The phononic heat conductance Kpp is, as usual, the
least known and another important obstacle. It can
be reduced, in principle, by engineering the interfaces.
Without such improvement according to the geometry
Kpp � 4Kp where Kp is the bulk phonon heat conduc-
tance across the junction. We first ignore the tempera-
ture dependence ofKp/T (andKpp/T ) and focus on opti-
mizing the figure of merit with a relatively large Kpe/T .3

In the relevant regime Kpe � e−2Ginω2
0 � e−2GinE2

g .
Exploiting Eq, (22) one obtains

Kpe

T
�

�
Eg

kBT

�3

e−
Eg

2kBT kBζN0

�

α

DαL
−1. (25)

The temperature dependence mainly comes from the first
two terms while the others are mainly determined by the
material and geometric properties of the junction. A rel-
atively high value can be achieved with kBT = Eg/6,

often, useful estimate
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How to reduce Kpp ?

(Beyond usual “accoustic insulation” )

Use narrow-band bosons, coupling well
to i-part, but having small Kpp

1. Optical phonons (slow, short m.f.p.)

2. “phonon source” (Kharpai et al)

3. e-h excitations + screened Coulomb (Buttiker-Sanchez)
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Ongoing and future Work 
Effect of breaking of time-reversal symmetry

S below mobilty edge and in Anderson
Insulator

Sxy(B)  (Nernst-Ettinghausen)

Phonon (and other bosons) drag

Effect of electron correlations.
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THANK YOU!!!
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