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When nonlinearity is added to an infinite system with purely discrete linear spectrum, Anderson
modes become coupled with one another by terms of higher order than linear, allowing energy
exchange between them. It is generally believed, on the basis of numerical simulations in such
systems, that any initial wave-packet with finite energy spreads down chaotically to zero ampli-
tude with second moment diverging as a power law of time, slower than standard diffusion
(subdiffusion). We present results which suggest that the interpretation of spreading cannot be
described as initially believed and that new questions arise and still remain opened. We show
that an initially localized wave-packet with finite norm may generate two kinds of trajectories
both obtained with nonvanishing probability.

The first kind consists of KAM trajectories which are recurrent and do not spread. Empirical
investigations suggest that KAM theory may still hold in infinite systems under two condi-
tions: (1) the linearized spectrum is purely discrete, (2) the considered solutions are square
summable and not too large in amplitude. We check numerically that in appropriate regions of
the parameter space, indeed many initial conditions can be found with finite probability that
generate (nonspreading) infinite dimension tori (almost periodic solutions) in a fat Cantor set
in (projected) phase space.

The second kind consists of trajectories which look initially chaotic and often spread over long
times. We first rigorously prove that initial chaos does not necessarily imply complete spreading
e.g. for large norm initial wave-packet. Otherwise, in some modified models, no spreading at all
is proven to be possible, despite the presence of initial chaos in contradiction with early beliefs.
The nature of the limit state is still unknown.

However, we attempt to present empirical arguments suggesting that if a trajectory starts
chaotically spreading, there will necessarily exist (generally large) critical spreading distances
that depend on the disorder realization where the trajectory will be sticking to a dense set
of KAM tori. This effect should induce drastic slowing down of the spreading which could be
viewed as “inverse Arnold diffusion” since the trajectory approaches KAM tori regions instead
of leaving them. We suggest that this effect should self-organize the chaotic behavior and that
at long time, the wave-packet might not be spread down to zero, but could have a limit profile
with marginal chaos (with singular continuous spectrum), despite a long spatial tail. Further
analytical and numerical investigations are required.
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1. Introduction

The long time behavior of a wave-packet which is
initially localized in an infinite discrete system is
well understood in linear media. In those integrable
systems, any motion decomposes into a linear com-
bination of eigenmodes. Thus, the properties of the
linear spectrum are sufficient to determine the long
time behavior of the wave-packet. If the system
is spatially periodic, its linear spectrum is abso-
lutely continuous, with a continuum of extended
eigenmodes which are plane waves and not square
summable. These plane waves carry energy at
infinity, so that any initially localized wave-packet
spreads. Spreading is defined in the sense that
the maximum amplitude of the wave-packet goes
uniformly to zero at infinite time.

This problem becomes much more complex for
nonlinear systems, where the general solution can-
not be described as a linear combination of periodic
eigenmodes. Those systems are generally noninte-
grable except exceptional well-known systems such
as the Toda lattice or the Ablowitz—Ladik model.
Though nonlinear finite size systems may exhibit
chaotic trajectories characterized by a high sensi-
tivity to initial conditions, in infinite-sized systems
chaos may also manifest during rather long tran-
sient time but may not survive at infinite time.
There may exist a kind of self-organization of the
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A
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Fig. 1. Scheme of the evolution through time of an initially
localized wave-packet in spatially periodic nonlinear systems
which do not completely spread. In [Sievers & Takeno, 1988],
a single site wave-packet radiates at infinity a part of its
energy during a rather chaotic transient, and finally converges
to a stationary time periodic solution which is a Discrete
Breather.

dynamical motion which manifest in the appear-
ance of a regular attractor. Indeed in spatially peri-
odic systems, it has been discovered numerically
by [Sievers & Takeno, 1988] that in certain nonlin-
ear spatially periodic systems, an initially localized
wave-packet does not spread completely. Though a
part of the initial energy does spread as it would in
a purely linear system, the rest of the initial energy
remains trapped forever as a Discrete Breather (or
Intrinsic Localized Mode) (DB) which is an exact
time periodic solution of the nonlinear system. Such
kind of solutions do not exist in spatially periodic
linear systems. It has been proved that such solu-
tions do exist generically in large classes of nonlin-
ear models [MacKay & Aubry, 1994; Aubry et al.,
2001]. Abundant literature has been devoted to DBs
and their properties [Aubry, 1997, 2006; Flach &
Gorbach, 2008].

The empirical argument for the existence of
DBs is that in nonlinear systems the frequency of a
localized periodic oscillation naturally depends on
its amplitude. For a spatially periodic system, the
linearized spectrum obtained for small amplitude
oscillations, is absolutely continuous and consists
of frequency bands with gaps. If the frequency of
this oscillation and its harmonics do not belong to
any band, no linear radiation at infinity is possible.
Then we could expect this localized vibration to be
stable and to survive forever as a DB. Despite this
argument taking into account only the radiation
property of the linearized system, it is supported
by rigorous proofs for the existence of (linearly
stable) DBs [MacKay & Aubry, 1994] which also
take into account the full nonlinearity of the model.
However, there is still no rigorous proof that such
solutions could be an attractor for an initial wave-
packet with appropriate shapes and amplitudes.
Nevertheless, numerical evidences and some the-
oretical investigations [Johansson & Aubry, 2000]
suggest that if the initial wave-packet is not too
far from a DB solution, the asymptotic state
is a DB.

In disordered linear systems with strong enough
disorder in 3D or at any disorder in 1 and 2D,
Anderson localization occurs. The linear spectrum
is purely discrete with exponentially localized eigen-
modes. Then any initially localized wave-packet is
a linear combination of countable localized eigen-
modes. The time evolution of any local coordi-
nate of the system is described by an absolutely
convergent series of time periodic sine functions
(which is called an almost periodic function). Such
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states are time recurrent, which means they return
arbitrarily close to their initial condition. As a
result, the amplitude of the wave-packet cannot go
to zero. It does not spread and remains localized
forever.

In disordered nonlinear systems where the lin-
earized spectrum is purely discrete, each spatially
localized time periodic solution persists but its fre-
quency varies through the linear spectrum within
a Cantor set with infinitely many gaps avoiding
linear resonances (i.e. the Anderson eigenfrequen-
cies). Actually, those solutions can be considered
as DBs which are intraband and become standard
(extra band) DBs when their frequency escapes
the phonon spectrum. Numerical calculations of
this was done in [Kopidakis & Aubry, 2000]. How-
ever, those solutions are not attractors as for the
DBs in spatially periodic systems, where the lin-
earized spectrum is absolutely continuous. The
above argument for the spontaneous formation of
a DB does not hold because even if the frequency
of the DB belongs to the linearized spectrum, no
linear radiation at infinity is possible. Otherwise,
up to now no numerical evidence for the sponta-
neous formation of DBs in such disordered nonlin-
ear systems with purely discrete linear spectrum
has been observed. We recently suggested [Johans-
son et al., 2010] that there are many more sta-
tionary solutions than DBs in such infinite systems
which are almost periodic solutions or Kolmogorov—
Arnol’d-Moser (KAM) tori. Those solutions do
not exist in spatially periodic systems, so in that
case, DBs are the only possible localized station-
ary solutions. The situation is quite different in
disordered systems with a purely discrete linear
spectrum.

Actually, up to now, the existence of these
KAM tori was ignored. It was generally believed
that in infinite systems (unlike finite systems), such
regular stationary KAM solutions (if any) could
not manifest in numerical tests because of a zero
probability to occur. It was believed that the non-
linearities which couple the Anderson modes make
most trajectories chaotic with a broad band spec-
trum. The expected consequence of this assump-
tion is that the wave-packet should excite at any
time nearby Anderson modes still at rest, and
thus it should spread its energy diffusively through
the whole system. While the wave-packet spreads,
its amplitude decays so that the effective non-
linear coupling between the Anderson modes also
decays. As a result, the second moment of its energy
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distribution is expected to diverge slower than in a
standard diffusive process, so that a power law is
expected as t* with o < 1 unlike standard diffu-
sion where v = 1. This diffusion was called “sub-
diffusion”. Early numerical simulations were done
[Shepelyansky, 1993; Molina, 1998; Pikovsky & She-
pelyansky, 2008; Flach et al., 2009; Skokos et al.,
2009] on some models and for some parameter
ranges and apparently confirmed this conjecture
over the longest possible evolution time available
on computers. These tests gave essentially the same
qualitative behavior for different models (mostly
random DNLS models and random Klein—Gordon
models).

However, controversy about a subdiffusive
behavior was raised in several theoretical papers.
Wang and Zhang [2009] conjectured on the basis of
exact results at small nonlinearity on the long time
behavior of the tails of a wave-packet, that if there
is sub-diffusion, it could not be a power law of time
but at most a logarithmic law of time. On the basis
of an approach considering the nonlinearity as a per-
turbation, [Fishman et al., 2009] could control the
convergence of the perturbation series up to high
orders with some assumptions which were checked
numerically. They reached a similar conclusion at
small nonlinearity.

This paper is partly a review of early results
about the existence of KAM solutions in the random
DNLS model [Johansson et al., 2010] and partly
comprises discussions and criticismes about these
early results on the same model. We shall show
first that in some domain of parameters and over
comparable evolution time, there are many initially
localized wave-packets which do not spread at all
and behave like almost periodic (KAM) trajecto-
ries. We shall also confirm that the wave-packets
which do not behave as almost periodic trajecto-
ries look initially chaotic but we shall prove that
in some cases that complete spreading is impossible
despite the trajectory being initially chaotic. This
finding raises the question of the validity of the early
explanation for spreading. Since at least in some
proven cases spreading must stop, we suggest that
the wave-packet though it looks to spread initially,
may very slowly converge to a limit state with weak
chaos and a singular continuous spectrum (instead
of broad band i.e. absolutely continuous) in order
to avoid all possible resonances with the nonexcited
Anderson modes, thus stopping diffusion. This con-
jecture requires more mathematical and numerical
investigations.
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2. Early Results About KAM Tori
in Infinite Disordered Systems
with a Purely Discrete Linear
Spectrum

Let us first discuss the possible existence of KAM
trajectories in infinite nonlinear systems. The orig-
inal KAM theory (for a simple presentation, see,
e.g. [Gignoux & Silvestre-Brac, 2009]) predicts that,
under generic conditions, Hamiltonian systems with
a finite number of degrees of freedom, NN, close
enough to an integrable limit (e.g. the linear limit)
exhibit quasiperiodic trajectories which are dense on
invariant N-dimensional tori in a 2N-dimensional
phase space. The N fundamental frequencies of
those trajectories depend on the torus. When some
integer combination of the frequencies vanishes, res-
onance is obtained, and tori which are resonant or
almost resonant generally break up into chaotic tra-
jectories when the Hamiltonian is perturbed from
the integrable limit. Since there are infinitely many
possible resonances, infinitely many gaps appear
densely in phase space. As the volume of the gaps
drops exponentially with the order of the corre-
sponding resonance, the persisting tori form a fat
Cantor set (i.e. of nonvanishing Lebesgue measure),
which goes to full measure at the integrable limit.
There is no general extension of the KAM theory
for infinite systems (N = 00), except for some spe-
cial models [Frohlich et al., 1986; Poschel, 1990]. It
was generally believed that most KAM tori disap-
pear when the dimension of the dynamical system
is infinite (see, e.g. [Froeschlé & Scheidecker, 1975]).

Simple empirical arguments confirm that
KAM tori, which are spatially localized (square
summable, ls) cannot survive when the spectrum
of the linearized system is absolutely continuous
in some frequency interval. This situation occurs,
e.g. for spatially periodic arrays of coupled anhar-
monic oscillators. In such models, any hypothetical
quasiperiodic solution with at least two incom-
mensurate frequencies would generate harmonics
densely on the real axis, overlapping with the inter-
val of the absolutely continuous part. Thus, these
harmonics would radiate energy towards infinity, so
that the localized energy could not be conserved
[Aubry & Schilling, 2009] (by contrast, simple peri-
odic solutions may remain localized, forming DBs
which may be dynamical attractors for some ini-
tial conditions [Sievers & Takeno, 1988]). In some
models quasiperiodic solutions with only two funda-
mental frequencies may also exist, providing their

full spectrum is not dense and does not overlap
the phonon band [Johansson & Aubry, 1997]. How-
ever, as we pointed above, these arguments do
not hold when the linear spectrum is purely dis-
crete. It is known, e.g. that spatially localized peri-
odic solutions with frequencies inside the linear
spectrum exist generically in systems with linear
Anderson localization [Albanese & Frohlich, 1991,
Kopidakis & Aubry, 2000].

A pioneering work [Frohlich et al., 1986] has
proven the existence of KAM tori in infinite random
nonlinear Hamiltonian systems. However because of
the high complexity of KAM theories, for the sake
of simplicity they have focused on simplified mod-
els. They consider random nonlinear models with a
Hamiltonian which can be put in the form

1
H = Z §(Pz +w?Q?) + ezfm(Qqu,R,Pj)
iEZd <’L,]>
(1)

where € is a small parameter. In other words,
they assume that the Anderson linear modes 1
can be arranged on a periodic d dimensional array
74 with random frequencies w; obeying a smooth
probability law dp(w;). They assume additionally
that the nonlinear terms f; ;y(Qi, Qj, P;, Pj) are of
order 4 in P;, @; and couples nearest neighbor (i, j)
oscillators.

Their result can be stated simply. Consider an
arbitrary solution of the uncoupled system (e = 0)
which is highly localized or which decays faster
than any exponential of the distance. It is proved
that when the perturbation parameter € is not too
large, there is a nonvanishing probability over the
choice of frequencies w;, such that there exists an
exact almost periodic (KAM) solutions close to this
unperturbed solution corresponding to an infinite
dimension torus in the phase space. Moreover, this
probability goes to 1 as the nonlinear perturbation e
goes to zero. In other words, for small nonlinear per-
turbation, an initially localized wave-packet has a
finite probability to remain stationary and localized
forever.

The FSW theorem does not state the mea-
sure of KAM tori is finite because in infinite sys-
tems, where the phase space has infinitely many
dimensions, the concept of measure is undefined
and cannot be used. They prove the existence of
KAM tori only in terms of probability with respect
to the disorder realization. However, we can define
the concept of projected measure if we consider
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a family of initial conditions described by a finite
number of parameters. Then those initial conditions
which generate KAM tori could be measured in that
finite dimensional subspace of parameters. This is
what we do in Sec. 4 by considering the ampli-
tude of the initial single-site excitation as the only
parameter.

Another interesting rigorous result has been
found [Bourgain & Wang, 2008] for the well-studied
random DNLS model with the dynamical equation

Wy = (en + X\%P)% - CA%, <2>
where n belongs to a lattice with arbitrary dimen-
sion d, the discrete Laplacian A, = > . 1y, is
defined as the sum of 1, over the nearest neighbor
sites m of n on Z% and ¢, is a random variable with
a smooth probability law.

Considering a trivial solution 1,(t) =
¥ (0)e~ " at the uncoupled linear limit (x = 0
and C' = 0) with a compact support that is with
¥n(0) # 0 only for a finite number p of sites
n €S c Z4% and ¥,(0) = 0 for n ¢ S, they
prove that when x and C' are not too large, this
solution survives as a quasiperiodic solution (which
correspond to a finite p-dimensional torus in the
phase space) with a nonvanishing probability over
the choice of €,.

Moreover, this probability goes to 1 when y and
C go to zero.

This theorem looks very similar to the FSW
theorem, but it considers a specific well-studied
model without simplifications. Otherwise, this theo-
rem only proves the existence of invariant tori with
finite dimension p (though it could be arbitrarily
large) unlike the FSW where the invariant tori have
infinitely many dimensions. The reason is that in
finite systems, invariant tori with dimension P < N
generally have zero measure. We expect similarly
the solutions found in [Bourgain & Wang, 2008] to
have zero probability to occur in an infinite sys-
tem. The consequence is that the probability to find
an initial localized wave-packet generating such tori
is zero.

Despite these theorems suffering such restric-
tions, they suggest that nondiffusive almost periodic
wave-packets may exist with a finite probability.
We conjecture that these theorems have exten-
sions but these developments unfortunately involve
complex and difficult KAM mathematics. How-
ever, we support our conjecture by empirical and
numerical calculations on the 1D random DNLS
model.

3. Resonances in the 1D Random
DNLS Model

The evolution equation of model Eq. (2) in one-
dimension is (see, e.g. [Shepelyansky, 1993; Molina,
1998; Pikovsky & Shepelyansky, 2008; Skokos et al.,
2009; Flach et al., 2009)),

“vbn = (€n + X|¢n‘2)¢n — C(Yng1 + Yn-1). (3)

The total norm A of the solution defined by N? =
> [n(t)[? is time invariant. This equation has two
integrable limits with trivial solutions at y = 0
(linear limit) and C' = 0 (anticontinuous limit).
The random onsite energies ¢, can be chosen as
uniformly distributed in the interval [-W/2,W/2].
(See [Lahini et al., 2008] for a direct experimen-
tal realization of Eq. (2) with optical waveguide
arrays.) Then in this 1D model, the linear spectrum
(x = 0) is discrete and the corresponding eigen-
states are lo and exponentially localized.

We suggest that Eq. (3) may also sustain infi-
nite dimensional invariant tori of almost periodic
solutions with a nonvanishing probability.

Definition 3.1. An almost periodic function f(t)
in the Harald-Bohr sense (e.g. see [Bredikhina,
2002]), is defined as the sum of an absolutely con-
vergent series of sine functions, f(t) = Y, fne™n?,
where the set of frequencies w, is countable and

Y onlfnl < 4o0.

Our empirical arguments can be summarized as fol-
lows: We consider an arbitrary [l small-amplitude
initial condition, corresponding to a distribution of
excited Anderson modes of the linear model. The
perturbation by a weak nonlinearity affects very lit-
tle the evolution of the linear systems during short
times but may have drastic accumulation effects
after long times. At the lowest order, this per-
turbation generates small oscillating norm currents
between different Anderson modes. The norm varia-
tion of each Anderson mode obtained by time inte-
gration of the norm currents toward this mode is
obtained as a series with possibly small denomina-
tors, which are integer combinations of four Ander-
son mode frequencies (since the nonlinearity is of
order 4). In order that a perturbation calculation be
consistent at all times, the amplitudes of the time
integrated current oscillations should remain small
in order that the variations of amplitudes of the
Anderson modes also remain small at all time. We
then have to check that the small denominators are
always larger than their corresponding numerators
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(which can be also very small). When this condition
is not fulfilled, we have resonance or almost reso-
nance between four Anderson modes. Those modes
would then slowly grow (or decay) as a function of
time with large amplitude variations, escaping after
a finite time from the regime of validity of the per-
turbative calculation.

When there is no resonance at all, the ampli-
tude of the Anderson modes will remain almost con-
stant at any time, and consequently perturbation
theory is at least consistent at lowest order. To be
rigorous, we should consider the higher order of the
perturbation expansion, which would involve higher
order resonances involving 6,8, ... frequencies, but
the calculation becomes too tedious. We assume
that these resonances have much smaller probability
of occurrence than the lowest order resonance, and
neglect them. Note that if we could control pertur-
bation theory at any order, we would finally attain
a proof of KAM theory.

We estimate the probability that the nonlinear
couplings almost induce resonances and we find this
probability vanishes in the limit of small norm of
the initial wave-packet. Thus at small norm, most
wave-packets do not involve any resonance. If we
assume that perturbation theory converges at all
orders, most wave-packets should generate almost
periodic solutions. Our argument explicitly uses the
fact that the linear spectrum is discrete with expo-
nentially localized eigenstates, and thus does not
hold for a system with an absolutely continuous
part in its spectrum. Moreover, we predict that the
existence domain of KAM-like tori shrinks to zero
in the limit of weak disorder, or equivalently when
the shortest localization length diverges.

The spectrum of the linearized Eq. (2) is purely
discrete (with probability 1) at any disorder since
it is a 1D random onsite model. The associated lin-
ear operator possesses a (countable) set of eigenval-
ues w), associated with a basis of real l> eigenstates

{¢%D )} which are exponentially localized:

wpd®) = eng® — C(¢) + P ) (4)

{tn(t)} is expanded in this Anderson basis, 1, () =
> /Lp<t>¢($) which define the new time depen-
dent complex variables p,(t). Then |[i,(t)]> =

> pp Hp () gy (t)&f))(b%p/), and the norm square

N =1l = Il (5)

is the second conserved quantity of Eq. (2) (in addi-
tion to the Hamiltonian). Then, we obtain for the
new complex coordinates i,

ifip = Wphtp + Z Cop,pr () 1y (1), (6)
p/

where C), () is a real function of time through the
coordinates themselves defined as

Cpp(t) =X Z M;(tmq/ Vo g0 (7)
4,9’

Coefficients V), ;v 4 o are defined as the overlap sums

Vor.ad = Zn¢${’)¢%p’)¢;‘1)¢§'). These coefficients
are real and time constant but depend on the spe-
cific realization of the random potential. In the
limit of small amplitudes of ||, cubic terms in
Eq. (6) are higher order and may be neglected
at least during some time. The linear behavior is
pp(t) = pp(0)e=™rt. Then coefficients C, (t) are
almost periodic functions of time, since they are an
absolutely convergent series of sine functions involv-
ing a countable set of periods,

Cop(t) =X D Vo auqrtig(0)pigr (0)e!a=a )t (8)
4.9’
We obtain from Eq. (6),
d *
E‘Mp‘g =2 Z Cp,p’<t>1m(ﬂpﬂp’) 9)

p'#p
so that the norm current Jy_,,, between two differ-
ent Anderson modes p # p’ is

Jp/ﬂp = 2Cp7p/(t)1m(/¢;p,p/)

= 2x Z[V}),p/,q,q”ﬂq(o)‘
a9’

g (0)] o)t =(0amaq]),, (0)]

N (0)]sin((wp — wy )t — (ap — ayyr)),
(10)

where q, is the initial phase of 1,,(0) = |p,(0)[e~%.
This current is almost periodic in time, and its
oscillations should be small in order that |u,(t)|?
remains approximately constant, so that p,(t) ~
pp(0)e=™rt remains valid for all times. Since time
integration of the current yields denominators wq —
wq * (wp — wy) which may be small, this condition
requires that there should be no strong resonances
between any pairs of sites p # p’. We consider res-
onances to be “weak enough” when for all terms,
the modulus of the numerator is smaller than the
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modulus of the denominator, i.e.
|wg — wy £ (wp — wy)|

2 EXVopaql - |1g(0)] - g (0)) (1)

for all modes ¢ and ¢/, where x is parameter we
can chose of order 1 (Chirikov criterion). Note also
that + can be dropped, since the same condition is
obtained if ¢ and ¢’ are exchanged.

We assume now in order to fix the ideas that
wp are independent random numbers distributed in
some interval with a smooth probability law with
maximum density Py. Each resonance p,p’,q,q
has thus a probability to occur P, , ., which is
bounded as

Py aq < 2P0KIX Vo q.0] - [1g(0)] - |1gr (0)]. (12)

The probability Pr (over the disorder realiza-
tion) that at least one resonance exists in the system
for this initial condition, is bounded by the sum of
these probability bounds divided by 2 (resonance
p, ', q,q is equivalent to p’,p,q¢’,q). Then we can
bound Pg as

Pr < Porlx| Y 1g(0) [ Agqlug (0] (13)

4,9

where the coefficients A, of the positive operator
A are Ag g =3 [Vop gq]- Then we obtain

P < Por|x| - [A]l - [[{1q(0)}]%,

with A = {A,,} and the [y norm [A] =
supx (||A - X|/[|X]|) may be equivalently defined
as the smallest upper bound of the eigenspectrum
of A.

This upper bound for the probability to have
at least one resonance is thus directly related to
the lo norm square N2 = 3 |i,|* = Ep\,up\g of
the initial condition (this was also found numeri-
cally in [Skokos & Flach, 2010]). The probability

Py = 1 — P to have no resonance thus has a
nonvanishing lower bound,
Py >1- Porlx|-||A] - N? (14)

when the norm A of the initial condition is small
enough (| {114(0)}12 < 1/(Pyklx| - ||A)), we obtain
Py > 0.

Consequently, if the norm ||A|| is not infinite,
the probability to have no resonance will be nonva-
nishing, and go to 1 when the norm of the initial
condition goes to zero. It remains to prove that the
norm of A is finite if and only if the linear spectrum

is purely discrete. An upper bound for ||A|| can be
obtained from

Al < sup E ’Aq,q”
q /
q

<sup Y D 18P o] - (6] - o)
q

p#p',qd "

3
<oy (z \¢5{’)\> 9] ()
n p

If the eigenstates are exponentially localized, then
> |¢§f)| < 4ooand ), |¢£LQ)| < +oo. If we assume
these sums are bounded for all n or ¢ by the same
constant S, then ||A| < S* < +oo. If 1,(0) is
not arbitrarily chosen, we may get a better upper
bound for the existence of KAM tori. For example, if
1q(0) = 0g 40 ll{1t4(0) }|| is initially localized at a sin-
gle Anderson mode ¢’ = ¢g [Flach et al., 2009], we
have Pr < Por|x|(supy [Ag.q]) - [[{11q(0)}|* where
supy [Ag | < ||Af[. Thus, initial wave-packets
which are close to small amplitudes of single Ander-
son modes survive much better as almost periodic
solutions than those which are arbitrarily spread
(in Anderson space) at the same norm. This effect
is especially important when the localization length
is large since then sup,/ [Ay | < ||A[|. The same is
true if the initial wave-packet is split into several
packets with smaller norm which are far apart at
the scale of the localization length.

Note also that the bound Eq. (14) may be
improved for any initial norm if we assume that the
wave-packet is initially well spread, that is |1, (0)]?
is small for any n. Then, the probability that res-
onance p,p’,q,q does not occur is 1 — P, q
where P, v, in Eq. (12) is small. Then the prob-
ability that no resonance at all occurs is Py >
Hp,p’,q,q’(l — Pp,p/,q,q’) ~ efzp,p/,q,q/ ».r".0.¢ which
yields the improved bound compared to Eq. (14)

Py > e—PoH|X|'HAH‘/\/2 (16)

which is valid in the limit sup,, [¢,,(0)|? small.

Note that since anqﬁggw = 1, if the local-
ization length increases and diverges, then S >

ang)] — 00. To obtain a reasonable estimate of
||A|| we assume an exponential bound for all eigen-
states,

1— )2
Aln=rl
1+ X2 ’

where K is some constant and A = e /%,
where ¢ is the localization length (though for

6P| < K
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random systems, this bound cannot be uni-
form, choosing K large should make valid such
a bound for most eigenstates). Then S* =
KA((1+N8/(1+X2)2)(1/(1 = N)2).

When the localization length diverges at weak
disorder we find

1Al S 16572,

Consequently this upper bound for the norm
diverges, suggesting that ||A| might also diverge
in the same way. Moreover, the norm [|A|| can be
explicitly calculated for finite systems with periodic
boundary conditions and size N where the eigen-
states are normalized plane waves. We readily find
|A|| = N — 1; which confirms that |A|| diverges in
the limit of large size N.

We did not consider the probabilities of res-
onances at higher orders 6,8,... which are cum-
bersome to calculate. The correction on the bound
of Pp would be higher order in [[{p,(0)}]*> and
thus could be neglected in the limit of small norm.
We conjecture that at each order 2p, these prob-
abilities can also be bounded by convergent series
multiplied with ||{s,(0)}[|?"~). The probability of
higher order resonance is expected to decay expo-
nentially with the order. Thus when the norm of the
initial condition is not too large, we would expect
that the probability of no resonance at any order is
nonwvanishing and still bounded from below, going
to 1 as the norm goes to zero. This conjecture
seems compatible with the conjectures of [Wang &
Zhang, 2009] and [Fishman et al., 2009] which were
suggested either by exact results or by numerical
tests.

Note that for finite systems with size N, the
linear spectrum is always discrete and the series for
bounds Pr become finite sums, implying ||A] <
+00. Then, we know that the conclusion of our
empirical argument is consistent with KAM theory,
predicting the existence of N-dimensional invari-
ant tori of quasiperiodic solutions at small enough
amplitude (or equivalently, for finite systems, small
enough norm) with a probability going to 1 at zero
amplitude.

Our conjecture is that this argument also holds
for infinite systems provided ||A|| < +oc. This sit-
uation occurs when the linear spectrum is purely
discrete with exponentially localized eigenstates,
but is not fulfilled when it contains an absolutely

continuous part. Then we would conclude, that the
norm region for initial conditions where KAM tori
may exist shrinks to zero when the localization
length diverges, approaching the limit without dis-
order where the linear spectrum is absolutely con-
tinuous and no [l almost periodic exact solution
could survive due to radiation.

Krimer and Flach [2010] recently investigated
the statistics of resonances on many disorder real-
izations. They found that resonances are mostly
found within the localization volume where the ele-
ments V), s, are non-negligible. Moreover, they
found the probability that an Anderson mode
excited to a norm square n is resonant (within
some group of four modes in the localization volume
excited with similar norms), is P(n) ~ 1 — e=X"¢
where ¢ only depends on the amplitude W of the
disorder.! They found that ¢(W) becomes small for
large disorder parameter W and large for small W.
The probability of nonresonance in a wave-packet
exciting several Anderson modes is simply another
exponential ~ e XN?e(W)/4 of the total norm square
N? (since resonances are counted four times). These
quantitative results nicely agree with our result
Eq. (16) that there is a nonvanishing probability
to find nonresonant wave-packets for nonvanishing
W. The domain of norm where this probability is
non-negligible shrinks to zero when the disorder
W becomes small (long localization length), and
diverges when W is large (short localization
length).

4. Method for the Numerical
Investigations of KAM Tori

We now test these empirical arguments for the
existence of KAM tori. Attempting to distinguish
numerically KAM tori among other solutions in the
random DNLS equation, we first note that the com-
ponents of trajectories generating KAM tori are
almost periodic functions of time. In practice, it
is not possible to calculate for checking the time
Fourier transform of any component over very long
time evolution if it is a sum of Dirac functions.

4.1. Bohr recurrences

Test over short time would yield a very poor accu-
racy for the resolution of these Dirac peaks. It is

Krimers and Flach call norm what is actually the square of the norm. This does not change their conclusion when this minor

correction is done.
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much simpler and more elegant to test almost peri-
odicity by using the Harald Bohr theorem:

Theorem 1. If a function f(t) is almost periodic
(according to Definition 3.1), then for any e > 0,
there exists a relatively dense set of translations T,
such that | f(t)— f(t+1,)| < € for allt € ]—o00, +00].
Conversely, if a function fulfills this property, it is
an almost periodic function.

(Relatively dense means that for the ordered
sequence T, < Tpt1, the difference 0 < 7,41 — 7, <
B is bounded from above for all n by a constant
B.) Thus, for KAM-like tori, recurrences should
be observed numerically for all quantities (which
are almost periodic functions of time) such as local
coordinates at arbitrary sites, momenta, participa-
tion number, etc. Our observations show that if
recurrences appear for one of these quantities, we
also find them for any other.

For having Bohr recurrence, we have to check
that the initial trajectory and the time translated
trajectory by a pseudo period remains close to each
other at all time within an accuracy of the order of
€. Thus Bohr recurrence is much more compelling
than Poincaré recurrence, which only requires that
the trajectory returns close to its initial state with-
out requiring the time-translated trajectory and the
initial one remain close to one other at all times.
Though the Poincaré theorem states that in any
Hamiltonian system with a finite number of degrees
of freedom, most trajectories (with probability 1)
are recurrent, this theorem does not hold anymore
when the number of degrees of freedom is infi-
nite. The reason is that initial wave-packets in an
infinite system which are not Bohr recurrent (and
thus do not generate KAM tori), spatially spread
and thus never return close to their initial condi-
tion. In our systems which are not infinite but only
very large, we never numerically observed simple
Poincaré recurrences without experiencing a Bohr
recurrence.

Some numerical problems with this method are
as follows:

(i) the Harald-Bohr theorem can be checked only
for finite times 7 € [0,7] and ¢ € [0,T7], where
T is the time of integration and for finite-size
systems,

(ii) € cannot be chosen too small to avoid recur-
rences from becoming too rare or disappearing
over the integration time since the correspond-
ing pseudo period diverges as € goes to zero.
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Actually, when decreasing ¢, we still observe
pseudo periods but they do become sparser and
sparser,

(iii) the system size should be sufficient, in order
that the amplitude is practically zero at the
edge, so that boundary effects can be neglected
during the integration time 7',

(iv) the integration accuracy should be good
enough for avoiding numerical drift from
KAMe-like tori to neighboring KAM-like tori
or nearby chaotic trajectories belonging to the
gaps. In practice, the relative error in the con-
served quantities are kept at the order 1076
or smaller in all simulations, with consistency
checks for smaller systems reaching accuracies
1078-10710.

If there are KAM tori persisting over infinite
time, we should expect that their structure as
some model parameter varies is a fat Cantor set
with infinitely many gaps due to resonances at
all orders, but keeping a nonvanishing Lebesgue
measure. Resonances involving four far distant
Anderson modes as well as higher order reso-
nances involving more Anderson modes, gener-
ate smaller and smaller gaps so that the total
width of these gaps remains finite and smaller
than the full measure. The consequence is that
the complementary Cantor set also has nonva-
nishing measure.

Thus in numerical tests, the probability (in the
space of initial conditions) that Bohr recurrence is
found over a given time T', does not shrink to zero
as T becomes very large. However, there are also
sticking trajectories which were intensively studied
by Contopoulos et al. (e.g. see [Contopoulos et al.,
1997; Contopoulos & Harsoula, 2010]). Those tra-
jectories have initial conditions very close to KAM
tori or to small gap Cantori (Cantori are unsta-
ble invariant subsets left after the destruction of
KAM tori, they have small gaps nearby the crit-
ical point where the corresponding KAM torus is
destroyed). These sticking trajectories behave like
KAM tori over very long time (and in particular,
have the Bohr recurrence property) before escaping
and becoming clearly chaotic. Actually, sticking tra-
jectories are upper critical manifestations of KAM
tori which have been just (weakly) destroyed.

This sticking time for escape may exceed our
computing time if they are very close to KAM tori.
Because of this effect, small gaps in the Cantor set
of KAM tori may be nonobservable over finite time
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computing but we also expect in that case their
width is negligible. The practical consequence is
that during our finite computing time, we should be
able to distinguish only a finite number of gaps cor-
responding to the strongest resonances, which nev-
ertheless yields a reasonable approximation of the
Cantor set.

We indeed find some trajectories which exhibit
Bohr recurrence over relatively long times, before
they blow up as chaotic trajectories. Such trajec-
tories were numerically identified in [Skokos et al.,
2009] as belonging to a “regime I” of rather small
norm and/or strong disorder. Generally, all trajec-
tories which remain recurrent after a time 71" will be
termed T-recurrent.

An illustration is given in Fig. 2, showing the
last observed recurrence time for a wave-packet
initially localized at a single site (¢,(0) = 0 for
n # np) in a particular disorder realization {e,} at
rather strong disorder W = 20. The recurrence over
the time evolution is observed on the norm at the
initial site |1, (t)|? and tested for a series of initial
norm ¢, (0)|> we vary by small steps from 0 to 20.
We choose the initial-site energy €,, rather close to
the upper band edge, in order that an increasing
negative nonlinearity will “scan” the most possible
important resonances inside the band. Any horizon-
tal intersection of this graph at a given time 7" yields
the set of initial norm generating T-recurrent tra-
jectories. As can be seen, many trajectories remain

recurrent for times larger than 107. We can also see
that inside the main gap there are also many stick-
ing trajectories over times which range from 10 up
to 10%. Those trajectories are likely very close to
small gap Cantori. We also note that the number
of trajectories which are still sticking over times
which are shorter than the computing time (and
thus are not KAM tori) decays as this time becomes
longer. We suggest to check the sticking trajecto-
ries by increasing slightly the disorder parameter W
(for the same disorder realization). Then we should
observe the increase of the sticking time for those
sticking trajectories and for some of them this time
could go beyond the computing time, suggesting
that some KAM tori are restored.

4.2. Domain of KAM tor:

Figure 3 shows the existence domain of Bohr recur-
rent trajectories as a function of the disorder param-
eter W and the initial norm N of the single site
wave-packet. This domain presumably corresponds
with a good approximation to the domain of exis-
tence of KAM tori. In addition to the regime of
small norm (here N' < 3.6) expected from our
empirical argument above, there is also a regime
of recurrent states for N' 2 19, as well as a small
interval around A &~ 15.6. The recurrent trajecto-
ries in the large-norm regime may be interpreted
by the fact that above some threshold norm, the
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Fig. 2. Last observed time for recurrence (¢/N = 0.02) in |¢n,|? versus norm for the initial single site wave-packet by, (0) =
VNén,no in a particular disorder realization with W = 20. In this figure and Figs. 3-5, the disorder realization is the same
and we use the same initial condition ¢y, (t = 0) = \//\/(5/,,,%0 with ep, ~ 0.46529W, C' =1, x = —1, and system size N = 500.

Only W is varied.



KAM Tori and Absence of Diffusion of a Wave-Packet in the 1D Random DNLS Model 2135

30+

25¢

20+

norm

10+

5 10 15 20 25 30 35 40
disorder strength W

Fig. 3. Sets of T-recurrent trajectories at 1" = 10* versus
the norm N for various disorder strengths . The numerical
step size ¢/N for the norm varies from 0.1 (W = 6) to 0.005
(W > 14). Same disorder realization, initial condition and
parameters as in Fig. 2.

main part of the norm will self-trap as a linearly
stable extra band DB centered at the initial site ng
[Kopidakis et al., 2008], while the rest of the norm
appears as a small perturbation to this DB. Small
perturbations to this DB may be treated linearly
which defines a linear spectrum. This spectrum is
purely discrete with a countable basis of localized
eigenmodes as well as for the linear random system
without DB. This perturbation can be expanded on
this basis of weakly excited DB eigenmodes. Then
with a similar argument as above, we could expect
that under the effect of weak nonlinearities which
were neglected, these excited modes could persist
as almost periodic (KAM) solutions, providing the
absence of resonances (which have a small proba-
bility to occur).

Note also that the simultaneous limit of strong
disorder and large norm, W — oo, N — oo
with yN /W finite, is equivalent (rescaling time)
to the anticontinuous (uncoupled) limit C = 0
which is also integrable, and where the linear
localization length is vanishing. At this limit, any
wave-packet motion decomposes into independent
motions where each anharmonic oscillator n oscil-
lates periodically with a frequency w/, # €,. These
frequencies though they are different from the
corresponding onsite linear frequency, are gener-
ally nonresonant with each other. Similarly to the
hypothesis of the FSW theorem, if an only finite
number of those oscillators are excited while the
excitation of the far oscillators decays fast enough,
we may thus expect a KAM-like regime up to a
coupling C' not too large (as for finite systems).

The measure of those KAM tori should go to full
measure when C' goes to zero.

Thus, although numerics cannot provide a rig-
orous proof, the most plausible interpretation is
that there is an underlying Cantor set of initial con-
ditions generating KAM tori, persisting over infinite
time and infinitely large systems. Note also that
the gap structure of Fig. 2 is reminiscent of the
“stickiness” phenomenon in low-dimensional sys-
tems, where many initial conditions close to (but
outside) the Cantor set of KAM tori remain close
for long times before they finally escape (compare,
e.g. with Figs. 7 and 10 in [Contopoulos, 1997] for
the standard map).

Figure 3 shows the wvariation of the sets
of T-recurrent trajectories versus the disorder
strength W over a rather modest time 7 = 10%.
As predicted, there is always a small-norm regime
where most trajectories are T-recurrent, the size
of which grows with increasing disorder strength.
There is also always a high-norm 7T-recurrent
regime with lower boundary increasing with increas-
ing disorder, since the norm necessary for effi-
cient self-trapping increases linearly with W for a
single-site initial condition [Kopidakis et al., 2008].
In-between these two regimes, for larger W there are
also several intermediate regimes of T-recurrence,
separated by gaps with nonrecurrent (chaotic) tra-
jectories. For smaller W the relative sizes of these
gaps grow, and they merge into one single main gap
of trajectories which typically show a chaotic time-
evolution and spread subdiffusively [Shepelyansky,
1993; Molina, 1998; Pikovsky & Shepelyansky, 2009;
Skokos et al., 2009] (for long but possibly finite
times).

Figures similar to Fig. 3 can be obtained for
larger times, although obtaining a good resolution
with sufficient numerical accuracy to clearly iden-
tify recurrences makes it very time-consuming for
times larger than ~10%. As a rule of thumb, to
determine persistent recurrences ¢ is divided by two
for each order of magnitude in time. In Fig. 4, we
give an example showing how the measure of the set
of T-recurrent initial conditions varies with 7', for
different strengths W of the same disorder realiza-
tion. In order to obtain a finite set, we here exclude
recurrent trajectories belonging to the high-norm
(self-trapped) regime, and moreover for compari-
son, we normalize the sets by dividing by the num-
ber of T-recurrent trajectories at 7' = 103. The
data of Fig. 4 suggest the existence of an asymp-
totic set with a nonvanishing measure at infinite
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Fig. 4. Fraction versus time 7T of the trajectories

T-recurrent at T = 10° (excluding the high-norm self-
trapped regime) which remain T-recurrent also at longer
times, for various disorder strengths W. Same disorder real-
ization, initial condition and parameters as in Fig. 2. Note
its variation becomes more substantial as W decays (weaker
disorder).

time. However, for stronger disorder, it is clear from
Fig. 4 that to get a clear picture of the asymp-
totic measure of this set, considerably longer inte-
gration times would be needed. This is due to the
fact that the fraction of sticking trajectories, which
are T-recurrent over very large but finite times,
increases with the disorder strength (cf. Fig. 2).
This fact is related to the appearance of many visi-
ble narrow gaps as the system becomes close to the
integrable limit C' = 0.

4.3. Lyapunov coefficients

Thus, the numerical study of T-recurrent trajecto-
ries for finite times can give us only an indication
about the true nature of the KAM-like trajectories,
and in particular the presence of long-time stick-
ing trajectories makes it extremely difficult, e.g. to
resolve the Cantor-set structure of resonances in
the low-norm regime within a reasonable amount
of computer time. We therefore now turn to dis-
cuss another technique to numerically distinguish
KAM tori, in terms of the tangent map and the cor-
responding finite-time Lyapunov exponents. Small
perturbations of Eq. (2) yield the Hill equation

i1y = (€n + 2XW}n‘2)77n
+ Xwin;; - C(nn+1 + nn71)~ (17)

If Eq. (2) possesses almost periodic solutions
with the discrete set of frequencies wi,wo,...,
Wp, . .., corresponding to regular KAM tori (with

full dimension), it can be written as

P (t) = Fp(wit + oq,wat + o, ..., wpt
+ap, .. Wi, W, Wy, ) (18)
where Fp(21,22,...,Zp,...;wWi,w2,...,Wp,...) IS

analytic and 27-periodic with respect to x1, xo, ...,
Zp, ..., then n,(t) = 0F,/0z, is an almost peri-
odic solution of Eq. (17). Despite the set of solu-
tions {F,(x1,22,...,2Tp,...; wi,wo,.. I} is
only defined for a fat Cantor set of frequencies {w;}
with gaps around all resonances between finitely
many frequencies, these functions are differentiable
for most {w; } in this fat Cantor set except for those
which are at gap edges. Those marginal tori are
described in Eq. (18) by nonanalytic functions of
the phases {a;}. These marginal KAM tori have
zero measure in finite size systems.

Then, for most KAM tori with frequencies {w; },
one gets a complete basis of solutions of Eq. (17) by
adding also the partial derivatives with respect to
frequencies wy,

Sy Wp, .

dF, oF, OF,
(1) = —¢ 1
n(t) dwy, Oxy, + Ow,, (19)

where also 0F}, /0w, is also almost periodic.

Let us recall that regular KAM tori have dimen-
sion N in a system with N + N degrees of freedom.
When N is infinite, we can choose as a definition
that KAM tori are regular when this base is com-
plete. Invariant tori with finite dimensions may exist
but are not regular KAM tori. For example, when
N is infinite, the invariant tori predicted by [Bour-
gain & Wang, 2008] have only a finite number of
dimension and do not generate a complete base by
phase and frequency differentiation of Eq. (18).

Consequently, if the solution of Eq. (2) corre-
sponds to a regular KAM torus, the general solution
of Eq. (17) which is a linear combination of solu-
tions of the basis, should grow linearly as a func-
tion of time but not exponentially. Thus, KAM tori
are linearly stable solutions unlike chaotic trajecto-
ries. (Linear stability is not granted for nonregular
tori. Since the base is not complete. there are other
directions in the phase space where instability could
manifest (whiskered tori), which yields an exponen-
tial growth for most solutions of the Hill equation
Eq. (17).)

For any solution v, to Eq. (2), there is a triv-
ial solution 7, = i, to Eq. (17) corresponding
to a global phase rotation. Numerically, we remove
this component by subtracting the projection of
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M (t), obtained by integrating a randomized ini-
tial condition 7,(0), on this vector. Then, consid-
ering the total norm of the perturbation divided by
t, (1/t)[n()]| where [In(t)[| = /32, [na(t)|?, this
quantity exhibits bounded oscillations for all times
if 1, (t) corresponds to a KAM torus, and otherwise
diverges exponentially with a positive Lyapunov
exponent for any chaotic trajectory. A numerical
illustration is given in Fig. 5(a), showing a nar-
row resonance gap in the low-amplitude KAM-like
regime around A/ = 0.600 for disorder strength
W =12.
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Fig. 5. (a) Total norm of the Hill equation solution 7 ()

divided by time, for three solutions corresponding to single-
site initial conditions 1, with slightly different norms N =
0.6. (b) Finite-time Lyapunov exponents for eight solutions
in the same regime as in (a). At time 1067 the upper curves
in (b) correspond, from top to bottom, to N' = 0.604,
0.600, 0.602, 0.601, while the lower curves for N' = 0.595,
0.599, 0.603, 0.605 all follow very closely a curve ~ logt/t,
as expected for KAM tori. Disorder strength W = 12, other
parameters and disorder realization are same as in Fig. 2.
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From the so-obtained numerical solutions 7, (t),
we calculate finite-time Lyapunov exponents as
Ata) = (1ftar) SN log((ln () |/ n(tm1) ),
where tg = 0, and t,, are chosen to correspond to a
Poincaré section defined by |/, (t)|? having a local
maximum at each ¢ = t,,. Thus, for a recurrent
trajectory, the optimal recurrence times 75 form a
subset of t,,. Moreover, for an almost-periodic tra-
jectory with a time-linear growth of ||n||, A(¢) should
decrease asymptotically to zero as A(t) ~ log(t)/t
for large times. As can be seen from the example
in Fig. 5(b), the behavior of A(t) in the neighbor-
hood of sharp resonances is very sensitive to small
parameter variations. In this example, the trajec-
tories are sticking trajectories which become possi-
bly weakly chaotic after long time evolution in the
interval 0.600 < A < 0.602 and in an even nar-
rower interval around N & 0.604, while apparently
almost-periodic trajectories (with no visible devia-
tions from the asymptotic behavior A(t) ~ log(t)/t
for times larger than 10°) are seen e.g. for N' =
0.595,0.599,0.603 and 0.605. Thus, this again sup-
ports the existence of a finite-measure Cantor set of
almost-periodic KAM tori.

Comparing the numerical results from the anal-
ysis of recurrences and tangent map, they are con-
sistent in the sense that when recurrences are lost,
there is a clear deviation in ||7| from time-linear
growth, and in all observed cases the growth is expo-
nential with well-defined nonzero A(t) (at least for
long times). However, generally (and in particular,
for strong disorder with many sticking trajectories),
the tangent-map criterion is considerably more sen-
sitive, and may signal a chaotic behavior several
orders of magnitude in time before recurrence is
finally lost.

4.4. KAM tori in finite size
systems

All Bohr recurrent (KAM) trajectories were found
to be exponentially localized, decaying essentially
with the largest linear localization length £ (e.g.
Emax ~ 1.1 for W = 12 as in Fig. 5) in a similar
way as in the purely linear case, despite those tra-
jectories cannot be described as linear combination
of Anderson modes.

Thus we may expect that the KAM-like tra-
jectories observed in large systems should be only
slight perturbations of true KAM tori existing for
finite chains when their size exceeds a few longest
localization lengths. Indeed, it is well known that
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KAM theory holds for finite size systems which do
sustain KAM tori with finite probability.

If in those systems, there are KAM tori which
are well-localized and almost vanishing at the edges
of the sample, imbedding this solution in an infinite
size system may be considered as a small perturba-
tion. It is indeed proven in [Bourgain & Wang, 2008]
that most finite size KAM tori persist for weak non-
linearity and weak coupling.

Though in the infinite system there are
infinitely many new but almost unexcited Ander-
son modes outside the core of the solution, their
nonlinear coupling with the core is small and drops
very fast versus their distance. In principle infinitely
many new possible resonances become possible but
due to small coupling, they only generate small
gaps in the frequency domain of the finite size
KAM tori. The consequence should be that the
major part of those tori survives to the system
extension at infinity. Beyond a certain size, no
difference with the infinite system is numerically
observable.

For checking this conjecture, we study the mea-
sure of KAM tori generated by single site initial
wave-packets in finite size systems as their size
grows. Actually, since these KAM tori are well-
localized, their domain of existence sharply depends
on the local realization of the disorder that is mostly
on €y, at the single site initial excitation and also
the few values of ¢, involved in the occupied region
of the chain. In some realizations, these values may
be well grouped and nearly resonant (local Ander-
son modes would be more extended) or in some oth-
ers more sparse and far from resonance with peaked
local Anderson modes. It is indeed observed that
different realizations of the disorder in a small vol-
ume near the excited site can generate huge fluc-
tuations in the measure of KAM tori. It is thus
convenient to compile statistics on disorder realiza-
tions. This numerical investigation was not possible
for the large size systems studied above, but for-
tunately it becomes feasible for small size systems.
Moreover, we now know that for finding the KAM
tori generated by single site wave-packets, it is use-
less to increase the system size beyond a few local-
ization lengths.

An illustration is given Fig. 6 where, for
W = 12 and single-site initial conditions 1, (0) =
VNG o with 0 < N < 20, we calculate the frac-
tion of the total number of trajectories remaining
T-recurrent after T = 2-10°, for chain lengths with
3 < N < 40. For each chain length, we used 100

0.6

04 r

recurrent fraction

0.2 r

O 1 1 1 1
0 10 20 30 40
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Fig. 6. Ensemble-averaged fractions of trajectories
T-recurrent at T = 2-10° versus chain size, for random
single-site initial conditions with 0 < N < 20 and disor-
der strength W = 12. 100 different disorder realizations were
used for each size, and dashed lines show the standard devi-
ations of the distributions. Trajectories were considered 7T-
recurrent if A(T) < 10~* (cf. Fig. 5).

different (independent) disorder realizations, and
determined ensemble averages and standard devi-
ations (note that for small chains, ensemble statis-
tics can be compiled with reasonable computational
effort).

As can be seen, this fraction already converged
to its large-chain limit for N = 6 (= 5&max)-
We confirm also the expected large spreading of
the results between different realizations. If €, is
randomly chosen close to the linear band bottom,
self-trapping occurs already for small values of N,
and therefore many trajectories will be KAM-like
while in the opposite case, many resonances are
encountered.

Indeed, for the particular realization used for
the large-size simulations in Figs. 2-5, we obtain
for W = 12 a total fraction of 38% T-recurrent tra-
jectories in the interval 0 < N < 20 after T' = 10°
(decreasing to 37% at T' = 10°), essentially coincid-
ing with the lower bounds in Fig. 6 (i.e. this real-
ization does not behave exceptionally).

5. Discussion About the Long Time
Behavior Non-KAM Wave-Packets

In summary, our empirical and numerical argu-
ments suggest that infinite random DNLS models
of Eq. (2) with purely discrete linear spectrum
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and finite energy solutions, exhibit two kinds of
initial wave-packets both occurring with nonvanish-
ing probability: (i) those generating almost periodic
solutions (KAM tori) which are spatially local-
ized solutions with exponential localization; and
(ii) wave-packets which are apparently chaotic at
least during long time.

In finite size systems (with N degrees of free-
dom), the Arnol’d conjecture [Arnol’d, 1964] though
not yet proven, is well admitted. The dimension of
the phase space is 2N but considering the invari-
ants, the trajectories remain on an invariant sub-
manifold with smaller dimension. In DNLS models,
there are two invariants (the energy and the norm)
and the dimension of this manifold is 2N — 2. The
dimension of the KAM tori is N. When N is suf-
ficiently large, each KAM tori does not split the
invariant manifold into two invariant subspaces.
This is achieved in our random DNLS model when
2N —2 > N+ 1 or N > 3. Then, the Arnol’d
conjecture is that there is a unique chaotic region
which is the complementary of the union of all
KAM tori. Most chaotic trajectories (with probabil-
ity 1) become dense with the same density measure
in that region after an infinite time. This chaotic
region contains all the resonance gaps between the
KAM tori (Arnol’d webs) so that for any KAM
torus, there are infinitely small perturbations on
the initial condition which makes the trajectory
chaotic (however, we know that if the perturba-
tion is small, this trajectory will be sticking KAM
tori for a long time, it will need very long time
to reach the density measure). Most trajectories
in this chaotic region are Poincaré recurrent but
not Bohr recurrent. Since the density measure of
the chaotic trajectories cannot overlap those of the
KAM tori, this density measure at infinite time
cannot be the standard Gibbs measure (which cor-
responds to a uniform distribution in the subman-
iflod at constant energy and norm). This situation
can be only obtained when the measure of KAM
tori is negligible and then most chaotic trajectories
should behave statistically like a thermalized state
(if any).

For infinite systems with initial conditions
which are extensive (that is, with an infinite energy
with nonvanishing density and norm), the norm is
infinite and then our arguments agree with the gen-
eral belief that the probability to generate KAM
tori is likely zero. Consequently, thermalization is
expected to occur at large time for most initial con-
ditions and at a nonvanishing temperature. Note
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that a standard thermalized state might not exist
for initial conditions with large norm compared to
energy [Rasmussen et al., 2000].

When the energy of the initial condition of the
wave-packet in the infinite system, is finite (nonex-
tensive), its energy density is zero. Then, if ther-
malization occurs at infinite time, the temperature
of the system should be zero.This would be the sit-
uation in case of complete spreading. However, real
thermalization could occur only on condition the
KAM tori have negligible probability to occur but
we have seen above that this might not be true. We
expect this situation when the measure of KAM tori
is really negligible that is when the linear spectrum
at infinite size has an absolutely continuous spec-
trum (for initial conditions without self-trapping).
The behavior should be quite different for finite
energy trajectories in an infinite nonlinear system
with purely discrete linear spectrum.

In early works, the possible existence of KAM
tori was discarded, and then it was assumed that
the motions in the core of the wave-packet was
chaotic with a broadband Fourier spectrum (for
most initial conditions). Thus, the core of the wave-
packet should excite the nearby Anderson modes
by a broadband force, then spread the energy of
the wave-packet. However, while the wave-packet
spreads, its amplitude decays so that the nonlin-
ear interaction also decays. Chaos which is essen-
tially due to nonlinearity also decays (it could be
measured by the largest Lyapunov exponent which
decays as a function of time). This effect is con-
sidered as the origin of the slowing down of the
diffusion yielding the so-called subdiffusive behav-
ior where the second moment of the energy or
norm distribution diverges as t®*. The exponent «
is smaller than its value for normal diffusion 1 [She-
pelyansky, 1993; Molina, 1998; Pikovsky & She-
pelyansky, 2008; Skokos et al., 2009]. It roughly
ranges about 1/3 but it is not yet known if its
value is really universal. The argument for sub-
diffusion assumes that broadband chaos persists for-
ever and discards the possibility of self-organization
of this chaos that was suggested in Sec. 5.3. After
infinitely long time, the wave-packet may con-
verge to limit where chaos becomes a narrow band
(singular continuous or almost periodic) so that
diffusion stops. However, this process of conver-
gence might be extremely long and beyond current
computer ability.

We define very generally the limit set of a
trajectory X(t) in the phase space as the set of
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trajectories in [y U~y X (t). For a system with
infinitely many dimensions, the closure is consid-
ered for the weak (or product) topology. This limit
set is not an attractor in Hamiltonian systems
(which are nondissipative). Indeed it cannot be in
finite size systems because the volume in the phase
space has to be conserved. Actually for most chaotic
trajectories, the limit set is the closure of the chaotic
region and when it can be assumed the Arnol’d con-
jecture holds, it should be the whole phase space.
For the KAM trajectories, this limit set is nothing
but the KAM torus itself.

In infinite size systems, if there is complete
spreading this limit state should be the single point
X (+00) = {0}. If the limit state is not zero, this
limit state is said to be nontrivial. It could depend
on the initial condition and moreover might be
highly sensitive to it when there is initial chaos.

We are going to present some arguments sup-
porting the conjecture that the limit state may not
be zero at least in some cases.

5.1. Proof of self-trapping by norm
conservation

We first prove that in DNLS-like models, initial
chaos might not imply complete spreading. Actu-
ally we prove that at least a part of the wave-packet
must remain well focused.

DNLS models have the property to conserve
both energy and norm. We take advantage of this
for proving that norm conservation may forbid com-
plete spreading for initial wave-packets which have
a large enough norm. We mean by complete spread-
ing that lim; o sup, |t (t)]? = 0. Otherwise big
packets would survive forever despite the fact that
they could themselves be randomly moving and gen-
erating a kind of diffusion.

Generalized DNLS models are described by
Hamiltonians H ({1, }, {¢;}) which are functions of
complex variables 1, and their conjugate variables
1)y invariant by global and arbitrary phase rotation
0 v — Pney, and % — e~ This implies
that the dynamical equation

_on
oY

conserve the total norm N2 = 3" |4, |2

We consider a Hamiltonian on an arbitrary
lattice Z¢ which can be decomposed into its
quadratic part Hy = (U|AL|¥) (where Ap is a

ithn (20)

linear self-adjoint operator) and a higher order non-
linear term H yi,

H = H; + Hyy,. (21)

Operator A;, on a discrete lattice is chosen with
a bounded spectrum both from above by wys and
from below by w,, (for example, Az, involves only
short range interactions). Thus, we have for the lin-
ear part of the energy

wm(\If ‘ \I/> =wpN < HL({wnL {1/12})
<wp (V| ¥) =wyN. (22)

By definition, the nonlinear part of the energy H yz,
is higher order than quadratic. As a consequence,
Hyr({tn}, {15 }) goes to zero if sup,, [1h,|* goes to
zero. This property is indeed well known in the limit
of small amplitude where most energy is quadratic
so that the linear approximation is valid. Otherwise
this result is straightforward to prove. Let us con-
sider for simplicity the example Hyz = > ||
Then we have

Huw = Yl < (sup 16 ) Sl

(o)

Since the norm is conserved, Hyz goes to zero if
sup,, [tn|? goes to zero, which proves our assertion.
This proof can be easily extended to more complex
forms of Hyyp,.

If the wave-packet spreads to zero (limy_, ;o X
sup,, [¥n(t)]> = 0), the nonlinear part of energy
Hyr({n ()}, {v}(t)}) vanishes at ¢ = +o0. Since
the total energy H is conserved, we have at
any time H = Hjp 4+ Hpy; and consequently
H = Hp({¢n(+00) }, {¢;(+00)}). Then because of
Eq. (22), we should have

w N < H < wyN. (23)

For proving that there exists wave-packets which
cannot spread, we have to chose an initial wave-
packet with large enough amplitude so that in
Eq. (23) is not fulfilled. This can be easily done
when the nonlinearity is homogeneous with a higher
order n > 2 than quadratic. Then, considering
an initial wave-packet {A¢,(0)} with amplitude
parameter )\, its norm is proportional to A% as well
as its linear energy Hp, while its nonlinear energy
Hyp is proportional to A™. As a result, the ratio
of the total energy with the norm is proportional
to A"~2 which diverges for large A. Consequently,
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if we choose \ large enough, in order that Eq. (23)
is not fulfilled, when choosing such an initial condi-
tion {1, (0)} for the wave-packet, it cannot spread
to zero and consequently a part of the initial energy
must self-trap. This situation is characterized by the
fact that the participation ratio of the wave-packet
Pt) = N?/(3, [¥n(t)|*) remains bounded at all
time. Note that in contrast, the second moment of
the norm distribution My (t) = >, n?[1,(t)|? (or of
energy distribution) may diverge. When the non-
linear energy is not homogeneous, the same result
may hold if we can still prove that in Eq. (23)
is not fulfilled at enough large amplitude A but
this should depend on the specific form of the
nonlinearity.

For example, in the DNLS model Eq. (3) where
Hy = 3, enltn]? — Cns1ty; + ( n+1¥n)) and
Hng = (x/2) Y, [¢n|*, we have for a single site ini-
tial wave-packet Hy, = (x/2)N?. Thus we obtain
that complete spreading is impossible when at the
initially excited single site ng we have |i,,(0)] >

(2Qnr/x) (for x > 0) where Q) is the sup of the
linear frequencies.

Let us remark that randomness does not play
any role in our argument, which holds both for
random or nonrandom Hamiltonians with spatial
periodicity. However, the long time behavior of the
wave-packet should not be the same and depends
on whether the linear spectrum is purely discrete
or contains an absolutely continuous part.

In the case where the linear spectrum has an
absolutely continuous part (as in spatially periodic
systems) and thus could be radiating, we expect
that a part of the energy remains localized either as
DBs (or possibly as two frequencies of quasiperiodic
DBs [Johansson & Aubry, 1997]) since according to
our theory, they are the only possible localized solu-
tions sustained by the system and thus are the only
possible candidates as limit states. In that case, the
rest of the energy should spread at infinity through
quasilinear radiations. This was already the situ-
ation observed in the pioneering paper [Sievers &
Tekeno, 1988] despite not being a DNLS model.

The situation should be quite different when
the linear spectrum is purely discrete since as shown
above, there are many other localized solutions
which are almost periodic and are candidates of
limit solutions as well as DBs, but there is no clear
numerical evidence that one of them could be the
limit of the wave-packet at infinite time.

Finally, let us note that our proof of self-
trapping does not prove that the limit state of

the wave-packet cannot be zero because the wave-
packet might remain well focused but move at
infinity, for example, in a randomly diffusive way.
However, up to now such a behavior has never been
observed in numerics.

5.2. A mnonlinear model with no
spreading

If we choose the linear operator Ay, proportional to
the identity, the linear spectrum is fully degener-
ate and despite no disorder in this linear operator,
there is no linear radiation. We obtain a class of
DNLS models where the linear energy is propor-
tional to the norm H; = QN? and thus is time
constant. Since the total energy Hy + Hpyy, is time
constant, the nonlinear energy H yy, is also time con-
stant. Consequently, if an initially localized wave-
packet would spread to zero, this nonlinear energy
should go to zero, which is impossible since it is
time constant. Consequently, any wave-packet can-
not spread to zero in that class of model. However,
our argument does not tell what is the long time
behavior of this wave-packet. For example, despite
remaining well focused, it could move uniformly or
randomly.

As an example of models where wave-packet
spreading is impossible, and where it would be inter-
esting to study numerically wave-packet behavior,
let us propose the Hamiltonian

H=>"eolthnl* + xn|thnl* + Culthni1 — ¥n|*

(24)

€y is a constant. The quartic coupling is purely
nonlinear. Coefficients x, and C, may be chosen
random or constant.

Models where the linear spectrum is degenerate
at a single value were studied earlier as compacton
models. A similar model with no linear dispersion
was studied earlier [Maniadis & Bountis, 2006] in
a spatially periodic model with no disorder. How-
ever, their model does not belong to the class of
DNLS model and thus has no norm conservation.
It was found numerically in that model, that there
exist quasiperiodic solutions (KAM tori) in wide
regions near DBs and also there exist broadband
chaotic DBs. Note that the result of [Aubry &
Schilling, 2009] which forbids the existence of broad-
band chaotic solutions does not hold in that model.
This conclusion was obtained assuming a purely dis-
crete linear spectrum which is dense in intervals but
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it does not hold in principle in models where the lin-
ear spectrum is degenerate at a single value.

5.3. Limit state or spreading?
Conjectures

As shown above, there are initial single site
wave-packets which yield almost periodic station-
ary solutions and do not spread at all. Many such
wave-packets are found in wide regions close to
the anticontinuous limit (strong disorder i.e. short
localization length) while their domain of existence
shrinks to small norms while the localization length
grows.

If we choose an initial wave-packet in the large
gaps where KAM tori are absent, chaos is initially
very strong and spreading immediately manifests.
This was the situation in most early numeri-
cal experiments showing spreading. However, as
the wave-packet spreads its maximum amplitude
become smaller and smaller, so that after a certain
time the wave-packet necessarily enters a region
where according to our empirical bound Eq. (16),
there are KAM tori at the same norm and compara-
ble amplitude which exist with nonvanishing proba-
bility. Since KAM tori are stationary time reversible
solutions, our initially chaotic wave-packet cannot
generate by itself such a KAM torus as we have
seen above but it may approach very close to some
of them. The sticking of these KAM tori for long
time could be manifest as a kind of bottleneck for
the diffusion process associated to drastic slowing
down of the diffusion.

We may expect this bottleneck effect by using
the results on the statistics of resonances as in
[Krimer & Flach, 2010]. Krimer and Flach found
within the assumption of a rather uniform norm
distribution in the localization volume that an
Anderson mode v becomes nonresonant when its
norm square n becomes sufficiently small, that is
smaller than some m, which depends on the disor-
der realization. The probability density Q(m)dm of
the distribution of m, over all disorder realization
yields the probability density P(n) = [;* Q(m)dm
that m < n in order that a given Anderson mode v
with square norm n is resonant. Since it was found
P(n) ~1—e X" we also have Q(m) ~ e X" since
it is the derivative of P(n) with respect to n.

Thus for a given disorder realization, we can
associate positive numbers m, to each Anderson
mode which correspond to the maximum norm
square it can sustain before being involved in a

resonance. FEach of these numbers depends ran-
domly on the local realization of the disorder
within the localization volume. They are uncorre-
lated beyond this localization volume (since the dis-
order is uncorrelated) and their probability density
is Q(m)dm.

Let us now assume that for a given disorder
realization and after some time, the single site wave-
packet with square norm A/ is initially chaotic and
has spread rather uniformly over p sites where p
is much larger than the localization volume. We
mean by rather uniformly the fact that the norm
distribution inside the core of the wave-packet is
kept rather compact, without important fluctua-
tions (this fact was checked numerically by measur-
ing the so-called compactness index). Particularly,
this means that the wave-packet does not break into
distant smaller wave-packets with relatively high
peaks. Then, the square norm n for each excited
Anderson mode is roughly of order A?/p. Conse-
quently, each Anderson mode v which is resonant
up to some time, stops to be resonant after the
spreading p is large enough. The probability that all
excited modes in the wave-packet are nonresonant
is roughly ~ [_, e XN?/p — ¢=xeN? This prob-
ability is nonvanishing, consequently, if the wave-
packet spreads uniformly it will necessarily happen
at some time and will not sustain any resonance.
Would it mean that it becomes a KAM torus? This
is impossible because the wave-packet should have
been stationary from the beginning of the evolution
and thus should not spread substantially beyond
the localization volume. Does it converge to a sin-
gle KAM torus? If it does, this process should be
very slow because the Lyapunov exponents of KAM
tori are zero.

We propose another scenario we believe to be
more realistic than this one. We note that the
above resonance argument takes only into account
the lowest order resonances. Actually, there are
many higher order resonances which should also
generate chaotic Arnol’d webs between the KAM
tori (which actually form a fat Cantor set). Those
webs become thinner and thinner and their chaos
weaker and weaker as the resonance order increases.
It seems more plausible that in the absence of
strong resonances, the trajectory of the wave-packet
would nevertheless remain chaotic by evolving ran-
domly along such thin and weakly chaotic Arnol’d
webs. The Lyapunov exponents of the trajectory
measured over this transient state should drop.
We then expect that the wave-packet continues to
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spread but at a much slower rate. This long lasting
regime of slow diffusion corresponds to a dynam-
ical bottleneck. When spreading sufficiently more,
the wave-packet should reach again an extension
beyond which the wave-packet may find another low
order resonance with the same finite probability as
1— e XN At a later time, it should meet another
bottleneck and so on. It would appear the trajectory
of the wave-packet intermittently should be stick-
ing KAM tori closer and closer and for longer and
longer times as spreading increases.

The careful observation of the behavior of
the log—log plot of second moment of a spread-
ing wave-packet for a single disorder realization
[Pikovsky & Shepelyansky, 2008; Flach, 2008],
shows that the second moment growth measuring
the wave-packet spreading seems to exhibit few
accidents after long time evolutions. The growth
slows down during transient times which becomes
longer and longer as the time increases. Further
investigation is necessary to check if they can
be viewed as KAM bottlenecks as we propose.
Detailed investigation of the Lyapunov exponents
and of its transient fluctuations versus time would
be very useful. However, let us also remark that
the role of the numerical errors may become very
crucial especially when passing bottlenecks. These
numerical errors act as small numerical noise neg-
ligible in the case of strong chaos, by which it
might become the main cause of diffusion helping
pass faster narrow KAM bottlenecks where chaos
is weaker.

It is not yet clear if these KAM bottlenecks
will forbid complete spreading at infinite time. A
possible scenario which would be compatible with
the fact that complete spreading is impossible in
some cases, is that the diffusion through the many
KAM bottlenecks may not be sufficient to allow
complete spreading. Only a part of the energy of the
core could pass these bottlenecks. Then, the core
of the wave-packet may approach almost station-
ary KAM tori while weak chaos survive mostly in
the tail of the wave-packet, which thus continue to
slowly extend through the infinite system. Thus we
could have a long tail limit profile with infinite sec-
ond moment while the participation ratio remains
bounded. Such limit profile for an initially localized
wave-packet with long tail are known [Lepri et al.,
2010], though it is for different model with acoustic
modes and with disorder but linear. Another argu-
ment for a limit profile with long tail is that hav-
ing a short tail would be in some sense equivalent

to diffusion in a finite size system. But this would
contradict the Arnol’d conjecture described above
which we believe to be valid (only) for finite size
systems.

Finally, we conjecture that the limit profile
solution if it exists, could be marginally chaotic with
a Fourier spectrum which is not broadband but sin-
gular continuous. This phenomena can be viewed
as a self-organization of the initial chaos in order to
remove all possible radiations at infinity and thus
to stop spreading. As was suggested in [Aubry &
Schilling, 2009], in simplified models, it is in princi-
ple possible that such solutions exist without radi-
ation through the linear purely discrete spectrum.
We suggest these limit solutions could correspond
to KAM solutions at criticality which lies precisely
at the border of the gaps of resonances (delimiting
the Arnol’d webs). Similar solution was described
long ago in finite size nonconservative systems [Gre-
bogi et al., 1984; Yalginkaya & Lai, 1996]. They are
still chaotic but only marginally chaotic with zero
Lyapounov exponent.

We suggest, for easier progress on that problem
in the future, that instead of investigating random
DNLS models, we investigate first both numeri-
cally and analytically, the diffusion of a wave-packet
in nonrandom DNLS models with a purely dis-
crete linear spectrum, for example those with a sine
quasi-periodic potential [Aubry & André, 1980].
The advantage of this approach would be (i) To
avoid statistics on many disorder realizations and
thus save a huge amount of computing time. (ii) It
might be possible by choosing an incommensura-
bility ratio such as the golden mean, to construct
good commensurate approximations of the system
where the Fibonacci numbers are space periods and
in which the long time behavior of a given ini-
tial wave-packet can be investigated. In these peri-
odic systems where the linear spectrum exhibits
many bands and gaps, wave-packet diffusion does
exist in principle but note also that because of
the nonlinearity, the spontaneous formation of DBs
and also gap DBs may trap substantial parts of
the energy. Numerical investigations with a scal-
ing analysis interpretation could be attempted for
reaching informations about the fully incommensu-
rate system. It should also be possible to investigate
the KAM tori in a series of finite size systems with
Fibonacci numbers where they do exist and again
to attempt to confirm the existence of KAM tori
in the infinite incommensurate system by scaling
analysis.
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6. Concluding Remarks

We have not proven that complete subdiffusion of
an initially localized wave-packet is always impos-
sible, but we have shown numerically that initial
wave-packets chosen in appropriate range of param-
eters do not exhibit any subdiffusion over comput-
ing times comparable to those used early and where
subdiffusion was claimed. Those wave-packets cor-
respond to stationary KAM tori which are almost
periodic in time and we gave arguments for their
existence as exact solutions.

For the other wave-packets which clearly
exhibit initially a chaotic behavior, we have proven
that there are initial conditions where in spite of
this observation, subdiffusion must either be incom-
plete or at worst is totally impossible but for special
models only. We suggested a speculative scenario
of spreading in order to be compatible both with
the numerical observations and the few available
rigorous results. After sufficiently long time, sub-
diffusion is disturbed by the so-called KAM bottle-
necks forcing diffusion to operate in thinner Arnol’d
chaotic webs.

There is still a very difficult unsolved question.
Is it really possible to obtain complete spreading
(and subdiffusion) at infinite time, at least in some
cases or models? Or is there self-organization of
the wave-packet as a limit profile? If so what are
the properties of this limit profile, long tail, sensi-
tivity to initial conditions?... Numerical tests are
clearly limited by the actual computer efficiency,
since very long computing time with very high accu-
racy are both required. Obtaining an answer to this
question seems to become a mathematical problem,
at least for finding new and original investigation
methods for the numerics. We hope that these stud-
ies will stimulate further attempts towards more rig-
orous treatments, as well as more refined numerical
studies.
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